MunucrepcTBo 006pazoBanus PecyOommku benapych
VYupexaenue oOpa3oBaHUsI
«bemopycckuii Tocy1apCTBEHHBIN YHUBEPCUTET HHPOPMATHUKU U
PaIMORIICKTPOHHUKIY

®dakynbTeT UHPOPMALMOHHBIX TEXHOJOTUNA U YIPABICHHUS

Ka(bezlpa BBIYUCIIUTCIBbHBIX MCTOAOB U IIPOIPaMMHUPOBAHUA

OCHOBbI AJITOPUTMU3ALINNA
1 ITPOI'PAMMUPOBAHNA (SI3BIK C/CH++).
JIABOPATOPHLIN ITPAKTUKYM

B naByx wactax
Yactp 2

Pexomenoosano YMO no obpazosanuio 6 obracmu ungpopmamuxu u
PAOUOINIEKMPOHUKU 8 Kauecmae YueOHO — Memoouiecko20 nocoous 0Jisl 6cex
cneyuanvHocmeti I cmynenu gvlcuie2o 0opazosanus, 3akpeniennvix 3a YMO

Munck BI'VYUP 2018



VJIK 004.42(076.5)
BBK 32.973.26-018.2 5 73
0-75

ABTOpBHI:

C. A. becnanos, A. B. I'ypesuu, T. M. KpuBonocona, T. A. Pak,
B. JI. Cmupnos, O. O. latunosa, B. I1. llecrakoBuu

PereH3eHTHI:

kadenpa SKOHOMHUUECKON HHPOPMATHUKU TOCYJAPCTBEHHOTO YUPEKICHHS 00-

pasoBanus «benopycckuii ToCy1apCTBECHHBIH SKOHOMUYECKUN YHUBEPCUTET
(mpotokoit Ne7 ot 16.02.2017);

JONEHT KadeIpbl aBTOMATU3UPOBAHHBIX CUCTEM YIPABJICHUS MPOU3BOICTBOM
yupexieHus oopazoBanus «bemopycckuii rocyrapcTBEHHBIN arpapHbIi
TEXHUYECKUN YHUBEPCUTET», KAHJIUIAT TEXHUYECKUX HAYK,
noueHt M.11. MatBeeHko.

O—75 OcHOBBI aJrOpUTMH3ALMU U NporpammupoBanusi (s3bik C/C++).
Ja0opaTOpHbIH MpPakTHKYM B 2 4. Y. 2 : y4ed. — meroa. mocodoue / Becna-
JaoB C. A. [u ap.] . — Munck: BI'YUP, 2018. — 114 c.: ua.

ISBN 978-985-543-388-1.

[TpuBeneHbl KpaTKHe TEOPETUYECKUE CBENCHUS IO ArOPUTMaM OOpPaOOTKU JMHAMUYECKUX
CTPYKTYp NaHHBIX (JIMHEWHbIE U HEJIMHEHHBIC CITUCKH), aJITOPUTMaM COPTUPOBKH U MOUCKA, HEKO-
TOpbIE METOJIbI MPUOIMKEHHBIX BBIUMCICHHI, a TAK)Ke MPUMEPHI UX peanu3aiuu Ha s3bike C/C++.
Coctout u3 12 mabopaTopHBIX padOT U MHIWBUYATbHBIX 33JaHUH K HAM.

Yacte 1 uzmana B BI'YUP B 2017 roxy (aBtopei: C. A. becmanos, U. E. 3aiinesa,
T. M. KpuBonocoga, T. A. Pak, B. JI. Cmupnos, O. O. larunoga, B. I1. IllecrakoBuu).

YK 004.42(076.5)
BbK 32.973.26-018.2a73

ISBN 978-985-543-388-1(4.2) © YO «benopyccknii TOCyIapCTBEHHBIN
ISBN 978-985-543-241-9 YHHUBEPCHUTET HH)OPMATHKH
W PaIno3JIeKTPOHUKHY, 2018



COILEPKAHHUE

JABOPATOPHAS PABOTA Nel. PEKYPCHUBHBIE @YHKIIHM! ..........cccoooviiiiiiiiiiie e 5
1.1. KPATKUE TEOPETUYECKUE CBEIIEHUISL. .. ..cciuveeeiitiieeesiteeesinteeeessteessssaseessssesesssssesssssssessssnsesssssesesnseseessnnes 5
1.2. TTIPUMEP BBITTOJTHEHMST BAZTAHIISL ....uvvvveiieeieiiitireieeeeesssitbsseeeseesssssssssessesssasssbaesesesssssasbsasesssssssssssssesseessinnes 5
1.3. THJUBUTY AJTIBHBIE BAJTAHIIS ....ciiiiiuttiieieeieeiittteteee e e s siitbbsteessesssssbbssesseessasssbaesesesssasabbrasesessssansbbsseeseesssnses 7
1.4. KOHTPOJIBHBIE BOITPOCBI ......uvveeeiittieeeeteeeesitteeeaatteeesaseesesassesesasteeesassseesassesesassseeeaassssesassesesassesesassssessnses 8

JABOPATOPHAS PABOTA Ne2. AJITOPUTMBI IOUCKA 1 COPTUPOBKHA B MACCHUBAX ...... 9
2.1. KPATKUE TEOPETHUECKUE CBEJIEHIS.......0eciiuuieeiitteeesitueeessseesessuseseasssessssssnseesssesessssssessnssssssnssssesssseeenns 9
2.2. UHJIVBUTY AJIBHBIE BAJIAHIST 11vveviieiiiiitiieee e e s seiitttieeeeeesesiabbaaeeesesssiabbbasessssssaabbbsaesseesssasbbbbeseeessanssbbbenseeeas 12
2.3. KOHTPOJIBHBIE BOITPOCKL .....eciutveeesiutteeesteeeessstasessssseeesssseesssssseessssssessssssesanssssessnsesessnssssssnssesessnsssesssssnnes 14

JABOPATOPHAS PABOTA Ne3. IMHAMMUYECKAS CTPYKTYPA CTEK ... 15
3.1. KPATKUE TEOPETUUECKUE CBEJIEHISL.......ccciitieeeitieeeeettteeeeitteeesetaeeesastteesaesseeessssesessnsseeesassesssansesessssenas 15
3.2. TIPYMEP BBITTOJTHEHIS BAIIAHIIS .....oveeeiiiiieeeeiteeeeeitteeeaettteeeeteeeesetteeesstbeeeeatseeesasbeeeesntseeeasteeesanseseessreeas 18
3.3. THIVBUTY AJIBHBIE SAIIAHIIS ....eeeiiiviieeiitiieeeetee e e sitteeeaettteeestteeeseaaeeessabaeeeabbeeesaabaeessabseeeaasteeeesnseeeesseeeas 19
3.4, KOHTPOJIBHBIE BOITPOCKL .......uuveieiiutieeeeitteeeeetteeeesitseesaatsteesaaseseesssesesastseesaassseessssesessnsseeeaasseseesnseseesaseenns 20

JABOPATOPHAS PABOTA Ned. IMHAMMUUYECKAS CTPYKTYPA OUEPE/D............ccccccovvennen 21
4.1. KPATKUE TEOPETUUECKUE CBEJIEHMS.......0eeiiivieeeiitireesitteeeasiteeessseseesssseessssssesssssssssssssesssssssssnsssessssenns 21
4.2. TIPUMEP BBITTOJTHEHMS BAIIAHIIS ......vvveeiiurieeecitieeeeitteeeeetteeesettteeseitaeeesesteeesasbeessabeseessseeesasteeesssesessisrenas 24
4.3. THIUBUITY AJIBHBIE BATTAHIIS ....vveieiitieeeiitreeeeiteeeeeitteeesesteeesatteeesetsesesesseeesasssessaseseessseeeaastesessaseeeesissenes 26
4.4, KOHTPOJIBHBIE BOIIPOCDL .....ccoitvttieeieeseeiitteeeeeeeeesiatbeeseeeesssaatsssseesesssaasassssseessssassssesssessenssssnseeesesssnssnnes 26

JABOPATOPHAS PABOTA Ne5. OBPATHAS NOJIBCKAS BAIINCD.............ccooeoeviee e, 27
5.1. KPATKUE TEOPETHUECKUE CBEJIEHIS. ... .0eeeiiutireeitteeeasiteeesstteeesiaseesssssseesssssssssnsesssssssesssnssssssssesessssnens 27
5.2. TIPUMEP BBIIOTHEHIIS BAIIAHISL .....cccvvvviiiiieiiiiiitiee e e e e s eeibbbes e e s e s s s iabbbabe s s e s s s sabbbabeseesssstbbbbeseeessesabbbbanseeeas 27
5.3. UHJVBUIY AJTIBHBIE BAZIAHIST vuvveviiiiiiitiiiieee e e s seiittieeeeessssiabbbesesessssiabbbaaessessssabbbabesseess s tbbbbesseesssassbbbaaseeeas 30
5.4, KOHTPOJIBHBIE BOITPOCKL ......utttietieeiiiiutireseeessaiiuttseseeeesaaissssesessessssisssssesessssanssssessssssantssssesseessenisssesseees 31

JIABOPATOPHAS PABOTA Ne 6. HEJTUMHEMHBIE CIIMCKH ..o, 32
6.1. KPATKUE TEOPETUUECKUE CBEJIEHIS. ... .00eeiiuvieeeitieeessiteeeesineeesissesessssseesssssssssssesssssssssssnssssesssesessnsnens 32
6.2. I[IPUMEP BBIIOTHEHIIS BAIIAHISL ......ccvvvviiiiieiiiiitiiee e e e e s seibbbee e e s e s s s iabbbaae s s e s s s sabbbabe e s e e s s stbbbbeseeessanabbbbanseeens 38
(ORI 0801020232 000Ny S 1 2eT N1 VN € 175 OO 40
6.4. KOHTPOJIBHBIE BOITPOCKL .....eciuuveeesiuiteeeaitteeessutaeeessseeeassssessssssseessssesessssssessnsssssssssessssssssssnsssssssnssssssnsnens 41

JIABOPATOPHAS PABOTA Ne 7. PEIHIEHUE CUCTEM JIMHEMHBIX AJITEBPAUYECKUX

AN 3 2 0005 1 17 TR 42
7.1. OCHOBHBIE HOHSTUS M OTIPEJIETTEHMSL ....c.cceiiiiuirieeeeeeeeeitieeeeeeeeesiittssseseesssesssssesssessassssssesseessansssssnseeeens 42
7.2. TIPSIMBIE METOJIBI PEIITEHIIST CIIAY ..ottt ettt e et e e e eatea e e etae e e e atae e e enreneesnaeeas 43
7.3. UTEPALIMOHHBIE METO/BI PELIEHUST CTIAY ..ottt bre e e abbban e 50
7.4, TIOHSITHUE PEJTAKCALII .........uvvvieieeeiiiiittiteeseessesssssesseessssissbasssssssssiasbsssessssssssbbasesseesssssbbabasseesssassbrbensseeas 53
7.5, UHIVBUIY AJIBHBIE BAZIAHIST «.vveviiiiiiiiiiiiee e e s seiittiee e e e e s e eiabbbat e e e e s s s iabbbate e e e s s s sabbbabeeeeesssabbbbeeseesssasabbbaaseaens 54
7.6. KOHTPOJIBHBIE BOTITPOCKL ....eicuuviieeiutteeeaitteeeasateeeessseeeaatseeesasteseessssssssassseesasssssssssesesssssesesasssssssnsssesssssens 55

JJABOPATOPHAS PABOTA Ne§8. AIIITPOKCUMAIIASA OYHKIIAM ..., 56
8.1. BAZJAUU ATTITPOKCUMALIM @YHKLIMI. ......couiiviiiiiiciececic s 56
8.2. CYTD MHTEPIIOJIILIMIT ...ttt e et 57
8.3. B1Ibl MHOI'OYJIEHOB U CIIOCOBBI MHTEPIIOJISILIMIM ......vvvvvviieeeeiiiiiieieeeeessisbbeeeeseesssesssssesseesssssssssenseeens 59
8.4. TIOHSTUE CPEOHEKBAIPATUUYHOMN ATIITPOKCHMALIMI ... itieee s ceveee et e s s avee e s satae e s svaeesssnvasessnaee s 64
8.5. MHJIMBUIY AJTIBHBIE BAZIAHIST v.vveviiiiiiitiiiiiee e e e seiittieee e e e s esiabbbat e e e e s s s iabbbabeeeessssabbbaaeeeeesssabbbbeeeeeessasabbbeaseeens 68
8.6. KOHTPOJIBHBIE BOITPOCKL .....ecuvviieiiitieeeaitteeeastteeeestseeesatssessastsseessssssesassssesassssssassesesssssesesasssssssnsssesssseens 69

JJABOPATOPHAS PABOTA Ne 9. METO/IbI PEIIEHUS HEJIMHEWMHBIX YPABHEHUM ............ 70
9.1. PEIIEHUE HEJIMHEMHBIX YPABHEHUI .......occiivieeiiitieeeeettieeeeteeeeeetteeeeettaeeeeetaeeesenteaessnsaeeeenstesesessesessnneeeas 70
9.2. UTEPAIIMOHHBIE METOJIBI YTOUHEHMS KOPHE .....oceiiiuviieiiiieeeceteee e e ctee e e et e e e eaveeesstaeeeeanesesensenessneeens 71
9.3. UHAVBULYAJTBHBIE BAJTAHIIST .....veivveetieeiteeeteeesteeestseesteeessseessaeessseessseessseessssesssesssssesssesssssesssesssesssessnns 77
9.4, KOHTPOJIBHBIE BOITPOCKL ......cuuveieiiitieeeeitteeeesateeeestseeeaasseeesasssseessssesesassseesassssesassasessssseesaasssseesssseessseenns 79

JABOPATOPHAS PABOTA Ne 10. AJITOPUTMbI BBIMUCJIEHUSA ITPOU3BOIHBIX U

05 1 O o W1 10 ) 3 ZN RO 80
10.1. KPATKUE TEOPETUUYECKUE CBEEHMS ... ..cvvititiitiitisieeieeiiest ettt b e nnenne e sne s 80
10.2. ®OPMVY/JIbI YUCTEHHOT'O IMDDEPEHLIMPOBAHIS ......evvevietiie sttt sttt nne st 83
10.3. TIPUMEP BBITTOTTHEHVIST BAITAHIIS «....vveeiiveeiuveestteesteessteesteesteessaeessteesnseessseesnseesssessnsesssseesnsessssessnsenssees 84
10.4. IHIVBUY AJTBHBIE BAJTAHIIST .....vvveiuveeiiteestteestteesseesteesseesseesssessssessnsessssessnsesssssssnsesssssssnsesssessnseesssees 86



10.5. KOHTPOJIBHBIE BOITPOCDL. .......vvviiiteeeesitteeeesseesesessseessssesesssssssssessessssssesssansesssssssessssssesssssssessssssenesssssenes 87
JABOPATOPHAS PABOTA Ne 11. METO/IbI HAXOXIEHUS MUHUMYMA ®YHKIIUHA

(00105 (0 00 I o B0\ 8 ) & 1 1 PP PR SRR 88

11.1. TTOCTAHOBEKA BAJTAUM ......oeeeiiuiieeitieeeseteeeeaiteeeesetseeesasteeesaassesesassesaessbaeeeaassseeaaaresaesstseseaastreeessaeeesssrenas 88

11.2. METO/IBI OTITHMIBALIFI ......uvveeeitreeeeeteeeeetteeeeeaseeeesstteeeaasseessassesasasbaseeaasssessassesassstseesaasteeeessaneesssrenas 89

11.3. THAVBUTY AJIBHBIE SBAJIAHIIS .....cuvvieeiiivieeeeetteeeeetteeeestteeeeeetteeeeeabeeeessbaeeeaasssessaasesasssbbeeeaasbseeeanseeeesasreens 95

11.4. KOHTPOJIBHBIE BOITPOCDL. ......uvviieitteeeeitteeeeetteeeeetseeeessteesaasseessassesasssbaseeaasssessassesaesssseesaasseeeesseneesssrenns 96
JJABOPATOPHASI PABOTA Nel2. PEHIEHUE 3ATAYU KOIIHA AJ1s1 OBBIKHOBEHHBIX

JTUOOEPEHIUABHBIX YPABHEHII .............coooioiiiiieeeoeeeeeee oottt en s 97

12.1. TUIIBI 3AJTAY JUII OBBIKHOBEHHBIX JIUOPEPEHITUAIBHBIX YVPABHEHUI .......vvvveeivieee e 97

12.2. OCHOBHBIE ITOJIOXEHUSA METOJA CETOK JJIS1 PEIUEHUS 3AJIAUM KOII........c.veeeeiiiieeciiiec e 98

12.3. BUJIBI KOHEUHO-PAZHOCTHBIX CXEM .....oeiiiitiiieiitreeeeiteeeeeitteesessseesssteesesasssessasssssesassesesasssessssssseessssens 99

12.4. MHOT'OIIATOBBIE CXEMBI AJTAMUCA.......uuteeiittieeeiteeeeiiteeeeaatteeeesiteeeesetaeaeaasbeesessseeesassesesastreeeanseeeessees 105

12.5. OCOBEHHOCTH ITPOTPAMMUPOBAHUS AJITOPUTMOB ....cccoiuviiieiiieeeiitieeeeettieeeeiteeeessareeessseeesenssesessnnes 108

12.6. THAVBUTY AJIBHBIE 3AJTAHIIS .....ccuviieiiitieeeeetteeeeeiteeeesetteeeeetteeseeateeeeseaaeaeaasbaesesnssesessreeesasteeeeansseeeeanses 110

12.7. KOHTPOJIBHBIE BOITPOCDL. ......uvviieiiutieeiitteeeeetteeeeeteeeesitreseaasteesessssessasseaeaastseseassesssassesesassesesassesessnses 112

JIATEPATYPA oottt e ettt e e et e e e ettt e e e e eta e e e e bt e e e e eabeeeeaabaeeesbbeeeeasbeeeeateeeesasbeeean 113



JlaGoparopHasi padora Nel. PekypcuBHbIe (PyHKIUH

Llenv pabomwi: N3yIUTH CTIOCOOBI peaTn3alii AITOPUTMOB C HCIIOIb30BAaHUEM
PEKYpPCHH.

1.1. KpaTkue TeopeTnyecKue CBeIeHUs!

Pexypcus — 310 c1ocod OpraHu3aluy BEIYUCIUTENIBHOTO Mpoliecca, MpH KOTO-
POM (YHKIIHSI B XOJI€ BHITIOJTHEHHsSI BXOSIIMX B HEE ONEPAaTOPOB oOparmaeTcsi cama K
cebe. Kimaccuueckum mpuMepoM siBisieTes BerauciacHue gaxropuana n! (n>0):

double Faktorial R (intn) {

i1; (n < 2) return 1; //'YcnoBrue OKOHYaHUSI PEKYPCHH
else

return n* Faktorial R (n—1); // PexypcuBHoe oOparienue Kk pyHKIHH

¥

[Ipu BBIMOJHEHUU TPABUIBHO OPTraHW30BAaHHOW PEKYPCUBHOM (PYHKIIUU OCY-
HIECTBIISIETCS MOCIEA0BATENIbHBINA TIEPEX0 OT TEKYIEr0 YPOBHS OpraHU3aIUU aJro-
pUTMa K HIDKHEMY YPOBHIO, B KOTOPOM OyJeT MOJIy4eHO pelIeHHe 3a/1auu (B MpUBE-
JICHHOM IpuMepe Ipu N < 2), He TpeOyroliee AalbHeHIero oopameHus K QyHKIUU
(HEe peKypCUBHOE).

[Ipu ommcaHWy aJrTOPUTMOB HCIIONB3YyEeM CIEAYIONINE CTaHIApPTHBIC (PUTYPHI
OJIOK-CXEM:

C) — Hayayo (pyHKIMU (3arojioBOK) U KOHel (yHKIMH (BBIXOI U

BO3BpAIl[EHUE B TOUKY BbI30BA);

E — BBOJ/BBIBOJI JAHHBIX;

— BBIYUCIUTEIBHBIN TTpoliecc (onepalus NIPUCBauBaHuUs);

<> — G110k cpaBHenus (orepaTopsl if, switch-case);
C> — 3aroJIOBOK OIlepaTropa II1KIIa;

— obOpaireHue K QYHKIIMU MMOJIb30BaTENs.

1.2. lIpuMep BHINOJTHEHUS 3aJAHUS

Hamucats nporpamMmy BbIYUCICHUSI (PaKkTOpUaTia HOJIOHCUMETbHO20 YUCTa N,
cozepxaniyro QyHKIIMU TOJIb30BaTENs ¢ peKypcuel u 6e3 pexypcuu (puc. 1.1).

J]-mmmmmm - DOYHKIHS 0€3 PEKYPCUH -=-=--=============mmmmmmmmmmmmomeme
double Faktorial(int n) {
double f =1,
for(inti=1;i<=n;i++) f *= i;
return f;



double Faktorial R(intn) {
iIf (n<2)return 1,
else

return n*Faktorial_R(n-1);

}

double Faktorial(int);
double Faktorial _R(int);
void main(void)

int n, kod;
while(true) { Il BeckoHeuHbIi 1TUKI ¢ BeIXo10M 10 default
cout << "\n\tlnputn " ;
cin >>n;
cout << "\n Recurs — 0\n Simple — 1\n Else — Exit" << endl ;
cin >> kod;
switch(kod) {
case 0:
cout << "\t Recurs =" << Faktorial_R(n) << endl;
break;
case 1:
cout << "\t Simple =" << Faktorial(n) << endl;
break;
default: return;

|Faktorial_R(n)| —"Edit2->Text

| Faktorial(n) | "Edit2->Text

HET

<1 >

Puc. 1.1. bnok — cxeMa BbI30Ba PEKYPCUBHOUN 1 HEPEKYPCUBHON (YHKLIHUU

brok-cxembl ¢yHknui nois3oBarens Faktorial R u Faktorial npencraBnenbt
Ha puc. 1.2.



Faktorial(n)

Gaktorial_R(nD f=1
|

< i=lji<=n;i++
|

, f=f-i
n - Faktorial R(n -1)

Puc. 1.2

1.3. UuauBuaya bHbIe 3a1aHUs

CocTaBUTh aIrOpUTM B BHJI€ OJIOK-CXEMbI, HAMMCATh U OTJIAJIUTh MOCTABIICH-
HYIO 3a/1ayy C UCIIOJIb30BAaHUEM PEKYPCHUBHON M 00bIYHOM (PyHKIMNA. CpaBHUTH TO-
Jy4YECHHBIE PE3YyJIbTATHI.

1. JIns 3aaHHOTO TEJIOr0 AecATHYHOTO urcia N MoIyduTh €ro MpecTaBIeHUue
B P-uuHOM cucteme cumciienus (p < 10).

2. B ynopsimouenHoM MaccuBe IenbiX gucen a; (I = 1, ..., N) HaiiTh HOMEp
HaAXOJSAIIErocs B MACCUBE dJIEMEHTA C, UCIOJIB3YS METO] IBOWYHOTO TTOKMCKA.

3. Haiitu Hanbonpimmit oOmuid genutens yucen M u N, ucnonssys teopemy
Ounepa: ecim M gemurcs wa N, 1o HOA (N, M) = N, wunaue
HOJ[ (N, M) = (M%N, N).

4, Yucna duboHayuu ompenessioTces ciaeayrommm obpasom: Fb(0) = 0;
Fb(1) = 1; Fb(n) = Fb(n — 1) + Fb(n — 2). Onpenenuts Fb(n).

5. Haittu 3Hauenue Gpynkiuun Axkkepmana A(M, N), KOTOpoe OMpeaAeIsSeTCs s
BCEX HEOTPHUIIATEIBHBIX IEJIBIX apTYMEHTOB M U N CICAYIONIAM 00pa3oM:

AO,n)=n +1;

A(m,0)=A(m-1,1) opum>0;

Amn)=Am-1,Aimn-1)) mpum>0wun>0.

6. Haiitu MerogoM JeieHHs OTpe3ka TOomnojaM MHUHUMYM  (YHKIHH
f(x) = 7sin?(X) na orpeske [2, 6] ¢ 3amaHHOl TOYHOCTEIO & (Hanpumep, 0.01).

7. Bblumcnuts 3mHaueHme X = +/a , HUCIIONB3Yysl PEKYpPPEeHTHYIO0 (opmyy

1 a
Xn = > X,_1+— |, B KauecTBe HAYJILHOTO 3HAUYCHMS HCIOIb30BaTh Xo = 0,5(1 + a).
X
n-1

8. HaiiTn MakcuMasbHBIN 371eMeHT B MaccuBe a; (I=1, ..., N), ucrmonb3ys oye-
BUJIHOE COOTHOIIEHUE Max(ay, ..., an) = max[max(as, ..., an_1), an].



9. Beruncauts 3Hauenue y(n) = \/l+«/ 2+.. .+\/F :

10. Halitu MakcuMaJIbHBIN 37eMeHT B MaccuBe @; (=1, ..., N), UCIOIB3YsS Me-
TOJ JeJCHUS mornojaam max(ay,..., ay) = max[max(as,..., anz), max(an2+1, ..., an)].
1
11. Beraucnuth 3Hauenue y(n) = 1
n+
1
(n-1)+ 1
(n-2)+————
L1
1
1+—
2

12. BpruuciuTh IpoM3BeICHUE YETHOTO KojruecTBa N (N > 2) COMHOKUTENEH

CICAVIOIIECTO BI/II[a'y: ggj(ﬂﬂ . EQ)
Y ' 13/)\35)(57

13. Beuncnuts Yy = X" 1o chexyromemy npasuay: Y = ( X"2)?, ecnu n uer-
Hoe, u Yy =X - Y"1 ecnm n neuernoe.

|
14. BeI4MCIUTE 3HAYECHHE C,If S (3Hauenue 0! = 1).
k!(n—k)!

1 o

15. Berauciute y(n) = 1 , N 3a71a€T YUCJIO CTyTICHEH.
1+——
1+ 1
1

1+—

16. B 3amaHHOM MaccuBe 3aMEHUThH BCE UWCiIa, TpaHudamye ¢ mudpoi «1y,
HYJISIMH.

1.4. KoHTpOJIbHBIE BONPOCHI

1. Kakas ¢yHKIIMS HAa3bIBAETCS PEKYPCUBHOMN ?
2. Moxer 51 B peain3aiui peKypCcUBHON (PYHKIIMH CYIIECTBOBATh HECKOJIBKO
OIIepaTOpOB Iepeayn ynpasiieHus return?



JlaboparopHasi padora Ne2. AJIrOpuTMBI MOUCKA U COP-
THPOBKHU B MacCUBaX

Lenv pabomvi: N3yIUTH CIOCOOBI COPTUPOBKH U TMIOMCKA B MAaCCHBAX CTPYKTYP
u (aitnax.

2.1. KpaTkue TeopeTnyeckue cBeleHus

[Tpu o6paboTke 0a3 JaHHBIX YACTO MPUMEHSIOTCS MACCUBHI CTPYKTYp. OOBIYHO
0a3a JaHHBIX HAKaIUIMBAETCS U XpPAaHUTCS Ha AMCKe B ¢aiine. K Hell yacTo npuxoauT-
csi oOparmiarbesi, OOHOBIISATH, IEPETPYIIUPOBLIBaTh. PaboTa ¢ 6a30ii MOXET OBITH Op-
TraHU30BaHA JIBYMS CITOCOOAMH.

1. BHeceHne M3MEHEHHM M MOMCK OCYLIECTBIIOTCS NPSIMO HA JUCKE, C HC-
II0JIb30BaHUEM CHEIU(PUUECKON TEXHUKH pabOThl cO CTpyKTypamu B (haiinax. Ilpu
TOM BpEMEHHBIE 3aTpaThl HA 0OPAOOTKY JaHHBIX (IOMCK, COPTUPOBKY) 3HAUUTEIHHO
BO3pAacCTarOT, HO HET OIPaHUYEHUI Ha UCIIOJIb30BAHUE OIEPATUBHOM NAMSTH.

2. CuutbiBaHu€ Bcel 0a3bl (MM HEOOXOIMMOM ee 4acTh) B MacCUB CTPYKTYP.
[Tpu 3TOM 006paboTKa MPOU3BOIUTCS B ONEPATUBHOM MaMSTH, YTO 3HAUUTEIBHO YBe-
JUYMBAET CKOPOCTh, OAHAKO TPeOyeT OOJBIIMX 3aTpaT MaMsTH.

Haubonee yacteiMu onepauusMu npu pabote ¢ 0a3aMu JaHHBIX SIBISIOTCA
«IOUCK» U «COPTUPOBKa». [Ipn 3TOM anropuTmsl penieHus 3TUX 3a7ad CYIECTBEHHO
3aBUCSAT OT TOTO, OPraHU30BaHbI CTPYKTYPbl B MACCHUBBI WJIM Pa3MEIICHBI HA TUCKE.

OOBIYHO 3JIEMEHT JaHHBIX (CTPYKTypa) COJIEPKHUT HEKOE KIII0YEBOE II0JIe
(kr09), MO KOTOPOMY €ro MOXKHO HaWTH. KITFOUOM MOXET CIyXHTh JIF000e IoJie
CTPYKTYpBI, HaripuMep, Gpamuiausi, Homep Tenedona win agpec. OCHOBHOE TpeOOBa-
HUE K KJIIOYY B 3aJa4ax IOMCKAa COCTOMT B TOM, YTOOBI OIepanus MpOBEPKU Ha pa-
BEHCTBO OblJIa KOPPEKTHOM, MO3TOMY HPU MOMCKE NAaHHBIX MO KIOYY, UMEIOIIEMY
BEILECTBEHHOE 3HAYEHUE, CIEAYET YKa3blBaTh HE €r0 KOHKPETHOE 3HAUYECHHUE, a UH-
TEpBaJj, B KOTOPBIN 3TO 3HaYEHUE NOMAAET.

2.1.1. Anzopummesl noucka

[Ipennosioxum, 4To y HAC UMEETCS CIEAYIOLIAasl CTPYKTypa:

struct Ttype {
type key; Il KnroueBoe moJe tuma type
c // Onrcanue Ipyrux mojer CTpyKTyphI
} *a; Il ' Yxazatenp a1t ITMHAMHYECKOTO MAaCCHBA CTPYKTYP

3anaua moucka TpedyeMoro 3JIeMEeHTa B MacCUBe CTPYKTyp a (pasmep N — 3a-
JlaeTCsl TIPU BBITIOJTHEHUU TIPOTPAMMBI) 3aKJIFOUACTCS B HAXOXICHUU MHIEKca 1_Key,
ynosieTBopstomiero yciaosuto afi_keyl.key = f key, rne key — unTepecyromiee Hac
10JIe CTPYKTYPHI AaHHbIX, f_Key — uckomoe 3HaueHue Toro ke tumna uto u key. [Tocrne
HAaXOXJICHUS MHJICKca |_Key oOecrmedwBaeTcss JOCTYNl KO BCEM JPYTHUM IOJSIM
HaieHHoN cTpykTyphl afi_key].

Jluneiinvlit nouck WCTIOJIB3YETCSA, KOTJAa HET HUKAKOM JOIOJHUTEIBHOU HH-
dopmaru 0 pa3bICKUBAaEMbIX JIAHHBIX, U MPEICTABISIET COOOM MOCIEA0BaTEIbHBIM
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nepebop BcexX 3JIEMEHTOB MaccuBa. Ecnu mojie moucka SBISIETCSl YHUKAIbHBIM, TO
MOKCK BBITIOJIHSIETCS 0 OOHApY)EHUs TPeOyeMOoro Kitoya WM 0 KOHIIA, €ClI KoY
He oOHapyxeH. Eciu ke noJie nmoucka He YHUKaJIbHOE, IPUXOAUTCS MepedupaTh Bce
JaHHBIE JIO KOHIA MacCHUBa:

inti key 0, kod = 0;
for (i =1; |<n|++)

if (a[i]. kegl =1 _key) {

/l O6pa_160TKa H_aI/meHHOFO AJIeMEeHTa, HalpUMeEp, BHIBOT

I_key =1;

/] break; — €CIIU TI0JIC MIOMCKA YHUKAIBHOE

if (kod ==0) /] BeiBoz cOOOIIIEHNS, YTO DIIEMEHT HE HANIECH

Ilouck oOenenuem nononam WCIONB3YETCSA, €CIU JAHHBIC YIIOPSIOYEHBI IO
BO3pacTaHuio (M0 YOBIBaHHUIO) Kiroua Key. AJIropuTM MOHMCKa OCYMICCTBISACTCS Clie-
TYIOIIUM 00pa3oM:

— OepeTcst cpeHui AIEMEHT M;

— ecnu syeMeHT MaccuBa a[m].key < f_key, To Bce anemMeHTBI | < M UCKIIOYA-
IOTCSl M3 JajJbHEUIIEro MONCKa, HHaYe — UCKITFOYAIOTCS BCE DJIEMEHTHI C MHICKCAMH
I >m.

[IpuBenaeM npuMep, peau3yroIui 3TOT aTOPUTM:

inti_key=0,j=n-1, m;
while(i_key <) {
m = (i_key +))/2;
if (a[m]. key<f key) i _key=m+1;

else j =
if (a[i_key].key = key) return —1; /] DnemeHT He HaiiieH
else return i;

ITposepka coBnanenust a[m].k = f_key B a3Tom anroput™e BHYyTpH IHKJIA OTCYT-
CTBYET, T. K. TECTUPOBAHME MMOKA3ajI0, YTO B CPEIHEM BBIMIPHIII OT YMCHBIICHHS KO-
JMYECTBA TPOBEPOK MPEBOCXOIUT IMOTEPH OT HECKOIBKHX «JTHITHHUXY BBHIYUCICHUH 10
BBITIOJTHEHMS ycitoBus 1_Key = j,

2.1.2. Anzopummur copmupoexu

[Tox copTHPOBKOM MMOHUMAETCS MPOLECC MEPETPYIITUPOBKHU SJIEMEHTOB MACCH-
Ba, IPUBOJIAIINN K UX YIIOPSIJIOUYECHHOMY PACIIOJI0KEHUIO OTHOCUTEBHO KITFOYA.

[ens copTrpOBKH — OOJErYUTh MOCIEAYIOIINI TTOUCK dJIEMEHTOB. MeTon cop-
TUPOBKHM HA3bIBAECTCA YCTOWYMBBIM, €CIM B IPOLECCE MNEPErPYNIUPOBKU OTHOCH-
TEJIbHOE PACMOJIOAKEHUE JIIEMEHTOB C PAaBHBIMH KIIF0OUaMU HE u3MeHsieTcs. OCHOBHOE
YCJIOBHE IIPU COPTUPOBKE MACCHUBOB — 3TO HE BBOJUTH JIOINOJHUTEIBHBIX MAaCCUBOB,
T. €. BCE IEPECTAHOBKU 3JIEMEHTOB JOJKHBI BBINOJHATHCS B MCXOAHOM MACCHUBE.
CopTHpOBKY MAacCHBOB MPHUHSTO HA3bIBATh GHYMPEHHeIl, a COPTUPOBKY (HaljioB —
6HeUHel.
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MeToapl BHYTpEHHEH COPTUPOBKH KIacCU(DUIUPYIOTCS 10 BPEMEHU UX pado-
Thl. Xopoied Mepor >(PGHEeKTUBHOCTH MOXKET OBITh YMCIIO Omepaluil CpaBHEHUM
KJIFOUEH 1 YHUCIIO IEPECHUIOK (MIEPECTaHOBOK) AJIEMEHTOB.

[IpsiMble MeTOABI UMEIOT HEOOJIBIIION KOl U MPOCTO MPOrPaAMMUPYIOTCS, ObICT-
pbl€, YCIOKHEHHBIE METOABI TPEOYIOT MEHBIIETO YKCIa JEHCTBUN, HO 3TH JIEUCTBUS
0OBIYHO 0O0JIEE CIOXKHBIE, YEM B MPSIMBIX METOJIaX, MOATOMY JIJISl IOCTATOUYHO MAJIbIX
sHadeHuid N (N < 50) mpsiMble MeTOABI PabOTAIOT OBICTpee. 3HAUYUTEIBHOE MPCUMY-
IIECTBO OBICTPHIX METOJIOB HAYMHAET MPOSBIATHCS mpu N = 100.

Cpenu npocmspix METO0B HanbOJIEe MOMYJISIPHBI CIIETYIOLTUE.

1. Memoo npsamozo o6mena (1y3pIpbKOBasi COPTUPOBKA):

for(I=0;1<n-1;i++)
for=i+1;j<n;j++)

if (a[[i_]]. key > a[j].key) { I/ TlepecTaBiisieM 3JIEMEHTBI
r = ali];

a[i] = afjl;

alil =r;

}

2. Memoo npsamozo evioopa.
for(1=0;i<n-1;i++) {
m=i;
for(g=1+1;j<n;j++)
if (a[j].key < a[m].key) m =j;
r=a[mj; // TlepecTaBiisieM DJIEMEHTHI
a[m] = ai];
afi] =r;

3) CopTHrpoBKa C TOMOIIIBIO MPSIMOTO (JBOMYHOTO) BKJIFOUCHHSI.
4) lletikepnas copTupoBKa (MOaM(HKAIIHS Ty3bIPHKOBON).

[Tpumeuanue: MeToibl 3 U 4 UCTIOJB3YIOTCS PEXKE.

K ynyuwennvim MmeTogamM COpTUPOBKH OTHOCSITCS CIETYOIIHE.

1. Memoo /. lllenna (1959), ycoBepiiieHCTBOBAHUE METO/IA MPSIMOTO BKITIOYE-
HUSL.

2. CopTrpoBKa ¢ nomowbio depesa, meton HeapSort, JI. Yunssamcona (1964).

3. CoprupoBka ¢ nomowbto paszoenenus, meron QuickSort, . Xoapa (1962),
YIy4IlIEHHAs] BEPCHUS IMY3bIPbKOBOM COPTUPOBKH, SIBJISIONIMKCS HA CETOJHSIIIHUN
JI€Hb CaMbIM 3(P(HEKTUBHBIM METOJIOM.

Wnes metona paznenenust QuickSort 3akmrouaercs B cieayromniem. BeiOupaercs
3HA4YCHHE KJIF0Ya CpeaHero M-ro sjieMeHTa X = a[m].key. MaccuB nmpocMaTtpuBaetcst
cJieBa HampaBo JI0 TeX IOop, IMoKa He OyaeT oOHapykeH deMeHT afi].key > x. 3atem
MacCHB TPOCMATPHBACTCS CIpaBa HAJIECBO, MOKa He OyaeT OOHApyXeH HIIEMEHT
a[j].key < x. Daements! a[i] u a[j] meusrorcs mecramu. [Iporecc mpocMoTpa U 0OMe-
Ha MPOJ0JHKAETCS 10 TEX MOp, MoKa | He cTaHeT Ooblire j. B pe3ynbpraTte MaccuB oka-
3bIBacTCsS Pa3oMTHIM Ha JeByto dacTh a[L], rme 0 < L < |, ¢ kimoyamMu MeHbIe (M
paBHbIMK) X ¥ nipaByio a[R], rme i <R < n, ¢ kimouamu Oosbliie (MM paBHBIMH) X.
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ANTOPUTM TaKOTO Pa3eeHHs OYeHb POCT U AP (HEKTUBEH:

1=0;j=n-1; x=a[(L + R)/2] .key;
while (i<=j) {
while (a[i].key < x) i++;
while (a[j].key > x) j--;

if (i<=)){
r=al[i]; /] TlepecTaBiisieM 3JI€MEHTHI
a[i] = afjl;
ail=r;
I++; j
}

}

YT0OBI OTCOPTUPOBATH MACCUB, OCTACTCS MPUMEHSTh AJITOPUTM PA3ACICHUS K
JIEBOM U MPABOM YaCTAM, 3aTEM K YACTSIM YaCTEW U TaK JO TEX MOp, MOKa KaKaas U3
yacTel He OYJIET COCTOATh U3 €AMHCTBEHHOTO AJIEMEHTA. AJITOPUTM TOIY4aeTCsl UTe-
PaLMOHHBIM, Ha Ka)KJIOM 3Tare KOTOPOTO CTOAT ABE 3aJaud o pazaeneHuto. K pe-
HIEHUIO OJHOM U3 HUX MOXHO IMPUCTYHUThH Cpazy, ISl IPYrod CieayeT 3allOMHUTH
HayaJbHbIC YCIOBUS (HOMED pa3esieHUs], TPAHUIIbI) U OTJIOKHUTH €€ PelIeHUe 10 MO-
MEHTa OKOHYAaHHS COPTUPOBKHU BHIOPAHHOM MOJOBUHBI.

CpaBHEHHE METOIOB COPTHPOBOK IMOKA3bIBa€T, uTo npu N > 100 Hauxyammm
SIBJISICTCS. METOJI IMy3bIpbKka, MeToa QuickSort B 2—3 pasa syurie, uem HeapSort, u B
3-7 pa3, uem meton lllemnna.

2.2. UuauBUayaIbHBIE 3aaHUSA

Hanucate nporpammy o0paOoTku (paiiyia JaHHBIX, COCTOSAIIUX U3 CTPYKTYp, B
KOTOPOM peann30BaHbl Cleayromue QyHKIUU: cTaHgapTHass oOpaboTka (aiina (co-
3/1aHHe, TPOCMOTp, 100aBICHUE); JTUHEIHHBIA TOUCK B (pailiie; COpPTUPOBKA MaccuBa
(dpaiina) meromamu mpsimoro BeiOOpa u QuickSort; MBOWYHBIN TOUCK B OTCOPTHPO-
BaHHOM MAacCHBE.

1. B marazune ¢opMupyeTcsi CIIUCOK JIWII, 3aMCABIIMXCS HA MOKYIKY TOBapa.
Bug cniucka: Homep, ®MO, gomamHuii aapec, nata y4yerta. Y JajauTh U3 CIIHCKA BCE
nopTopstomuecs 3anucu, nposepsiss @O u agpec. Kirou: 1ata moctaHOBKY HA yYET.

2. CnucoK TOBAapoOB HAa CKJIAJIe BKIIIOYAET: HAMMEHOBAHUE TOBapa, KOJIUYECTBO
€UHULl TOBapa, EHy €IWHHUIIBI U JaTy MOCTYIUICHUS] TOBapa Ha ckiajd. BeiBecTu B
aN(paBUTHOM TOPSAKE CIUCOK TOBAPOB, XPAHSIIUXCSA OOJbIIE MeCAla, CTOUMOCTh
kotopsix npessbimaer 100 000 p. Kirou: HamMeHoBaHuUE TOBapa.

3. Jlng nosnydyeHus: Mecta B o0mmexxutun popmupyercs cnucok: PO crynen-
Ta, rpynmna, CpeaHui 0aml, JOX0A Ha KaXAoro ujaeHa ceMbu. OOIIEKUTHE B TIEPBYIO
ouepe/ib MPEIOCTABISAETCA TEM, Y KOTO JI0XOJ, MEHbIIIE JIByX MUHUMAJIbHBIX 3apIuiar,
3aTeM OCTAJIbHBIM B MOPAJIKE YMEHBIIEHUs cpeAHero Oamia. BeiBecTH cnucok oue-
penHocTH. Kitrou: 10X0/1 Ha Ka)KI0ro 4ieHa CEMBH.

4. B cnpaBoyHO! aBTOBOK3aJla XPAaHUTCS PACHUCAHUE JABUKEHUS aBTOOYCOB.
JIns Ka)Kaoro peiica ykazaHbl €r0 HOMEp, IyHKT Ha3HAYEHUs, BPEMsI OTIIPABIICHHS U
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npubbITHs. BeiBecTn mHpoOpMaruio o peicax, KOTOPIMA MOXKHO BOCIIOJIB30BATHCS
JUIS TIpUOBITHS B TIYHKT Ha3HAuYEHUsS paHbIIe 3aJaHHOrO0 BpemeHH. Kitou: Bpems
MPUOBITHS.

5. Ha mexnyropoanoit ATC undopManus o pa3roBopax COACPKUT JIaTy pas-
roBOpa, KOJI M Ha3BaHHE ropoja, BpeMs pa3roBopa, Tapud, HoMep TernedoHa B ITOM
ropozie U Homep Tenedona aboHeHTa. BriBecT mo kaxxaoMmy ropoay ooiiee Bpems
pa3roBopoB ¢ HUM U cymmy. Kittou: o61iee BpeMst pa3roBOpoB.

6. Madopmarnms o cotpyanukax ¢pupmsl BKItodaer: U0, TabenbHbI HOMED,
KOJIMYECTBO OTpabOTaHHBIX YacOB 3a Mecsl], moyacoBodl Tapud. Pabouee Bpems
cBbllle 144 4 cyuTaeTcsi CBEpXypPOUHBIM U OIUIAYMBAETCA B ABOMHOM pa3mepe. BoiBe-
CTH pa3Mep 3apabO0THOM IIAaThl KaXIO0T0 COTPYAHUKA (DUPMBI 32 BRIYETOM MOJA0XO/I-
Horo Hajora (12 % ot cymmbI 3apaboTka). Kimrou: pazmep 3apaOOTHOH IUIATHI.

7. Undopmanust 06 yyaCTHHKaX CIOPTUBHBIX COpeBHOBaHUi coaepxut: U0
UI'POKa, UTPOBOM HOMEP, BO3PACT, POCT, BEC, HAUMEHOBAHUE CTPAaHbl, HA3BAHUE KO-
MaH/1bl. BeiBecTu nHpopmannio o camoi Moao1oit komanze. Kitou: Bo3pacr.

8. I[JBI KHHUT', XPaHAIIUXCS B 6I/I6JII/IOTCKC, 3aJar0TCs: HOMCP KHHI'H, aBTOD,
Ha3BaHHUC, I'OJ HU3JaHKUA, HAMMCHOBAHUC HM3AaTCIIbCTBA U KOJIHMYCCTBO CTPAHHUII. BrI-
BCCTH CIIMCOK KHHI" C (baMI/IJII/IHMI/I aBTOPOB B aﬂ(baBI/ITHOM MMOPAAKES, U3AAHHBIX ITOCJIC
3aJaHHOI'O Iroaa. Kirou: aBTOp.

9. PaznuuHble LIeXa 3aBOJIA BBITYCKAIOT MPOLYKIHIO HECKOJIBKUX HAUMEHOBA-
Hui. CBeeHns 0 IPOAYKIMHM BKIIFOYAKOT: HANMEHOBAHHE, KOJIMYECTBO, HOMED LIEXa.
JI1st 3agaHHOTO 1IeXa HEOOXOMMO BBIBECTH M3ENIHS MO KaKIOMY HAaMMEHOBAHHUIO B
NopsJIKE YObIBaHUS UX KOJIWYecTBa. Kiltou: KOJMYECTBO BBIMTYIIEHHBIX U3/IETUH.

10. Mudpopmanus o corpynHukax npeanpusarus coaepxut: ®UO, Homep oT-
Jiena, HAMMEHOBaHUE JTOJDKHOCTH, AaTy Hadajga paboThl. BbIBECTH CIMCKU COTPYAHU-
KOB [0 OTJIeJaM B OpsAJIKe yObIBaHUS cTaxka. Kirou: nata Hayasia paboThI.

11. BenoMocTh aOUTYypUEHTOB, CIIaBIIUX BCTYMUTEIbHBIE IK3aMEHBI B YHUBEP-
curet, coaepxkut: OO, HOMEp rpymnmbl, agpec, OUeHKU. OnpeaennuTh KOJIUYECTBO
aOUTYpPUEHTOB, MTPOKUBAIOIINX B I. MUHCKE M CAABIIMX 3K3aMEHBI CO CPEIHUM Oaj-
JIOM He HIKe 8,5, BbiBecTH ux Gamminn B anipaButHOM nopsiake. Kirou: ®UO

12. B cripaBo4yHO#l a3ponopTa XpaHUTCS PACHUCAHUE BBIJIETOB CaMOJIETOB Ha
CIEeAyIOUIME CYTKU: HOMEp pelica, TUIl caMoJieTa, MyHKT Ha3HAYEeHUs, BpEMs BbLIETA.
BriBecT nnopmaruio 11 3aJaHHOTO MyHKTAa HA3HAYEHUS B TOPSJIKE BO3pacTaHUs
BpeMeHHU BbuieTa. KiTtou: MyHKT Ha3HAYCHUSI.

13. B kacce xpanutcsa uHdopmaius o moe3gax Ha OJMKANIIYI0 HEJEo: AaTa
BbI€3/1a, MYHKT Ha3HAYEHUs, BPEMS OTIPABIICHUS, YUCIO CBOOOIHBIX MecT. Heobxo-
MO 3ape3epBupoBaTh M MecT 10 ropona N Ha K-ii neHb Hemenu ¢ BpeMeHEeM OT-
IpaBJIEHUs 10e3/1a He no3aHee t yacoB. BeiBecTH BpeMs OTIpaBiIeHUs UM cOOOIIe-
HUE O HEBO3MOKHOCTH BBIMIOJHUTH 3aKa3. Kitod: uncio cBOOOAHBIX MECT.
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14. BetoMOCTh aOUTYpHUEHTOB, CIIABIINX BCTYNMUTEIHHBIC YK3aMEHBI B YHUBEP-
cuteT, coaepxut: DO abutypuenrta, 4eTbipe oTMeTKHA. OnpeeTuTh cpeIHui 0ast
110 YHUBEPCUTETY M BBIBECTH CIIMCOK aOMTYPHUCHTOB, CPECIHUI Ol KOTOPHIX BBIIIE
cpenHero 0ajura MO YHHUBEPCHUTETY B IMOpsaKe yObiBaHus Oayma. Kirou: cpemHwmid
oaJnI.

15. B arenbe XpaHATCA KBUTAHIMU O CAAHHOM B PEMOHT alllaparype. HauMe-
HOBAHUE TPYIIbLI U3IEIUN (TeIeBU30p, PAAUONIPUEMHUK U T. I1.), MApKy U3Jeus, da-
Ta TPUEMKH, COCTOSIHHE TOTOBHOCTU 3aka3a (BBIMIOJIHEH, HE BBINIOJHEH). BhiBectu
WH(OPMAITHIO O COCTOSTHUH 3aKa30B Ha TEKYIIHE CYTKH IO Tpynmnam m3aemmid. Kirod:
JaTa MPUEMKHU B PEMOHT.

16. Uadopmarius o coTpyTHUKaX UHCTUTYTa comepxut: DO, HanmeHoBaHUE
dakynbrera, Kadenpsl, JOHKHOCTH, 00beM Harpy3ku (dacoB). BeiBecTu crucku co-
TPYIHHUKOB 1O Kadenpam B mopsiike yobiBaHus Harpy3ku. Kimrou: 00beM Harpy3ku.

2.3. KoHTpoJibHbIE BONPOCHI

1. YcToWYMB M MHTEPIOJIAIMOHHBIN MMONCK Ha HEPaBHOMEPHOM O0BEME HH-
dbopmaruun?
2. Kakast clio>)xHOCTh y OBICTPOM COPTUPOBKH? 3a CUET 4ero OHa TOCTUTACTCS?
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Jlaboparopuasi padora Ne3. /Ilunamuueckas crpykrypa CTEK

Llenv pabomul: N3y4UTh AITOPUTMBI pabOTHI ¢ AUHAMUYECKUMU CTPYKTypaMu
JTAHHBIX B BUJIE CTEKA.

3.1. KpaTtkue TeopeTudeckue cBeeHUs

Cmek (Stack)— crpykrypa tuna LIFO (Last In, First Out) — mocinenaum Bo-
IIEJI, TIEPBBIM BBIMJIET. DIEMEHTHI B CTEK MOXKHO M00aBISATh WIN U3BJICKATh TOIBHKO
yepe3 ero BepumuHy. [IporpaMMHO CTeK peann3yeTcsi B BHIE OJHOHAMPABICHHOTO
CITMCKA C OJTHOM TOYKOW BXOJa — BEPIIMHOM CTEKA.

MaxkcruMaabHOE YUCIIO JIEMEHTOB CTEKa HE OTPAHUYUBAETCSH, T. €. 10 MEPE JI0-
OaBlieHUSI B CTEK HOBOTO AJIEMEHTA MaMATh MO HETO JOJKHA 3aIllpalluBaThCs, a Ipu
yAaJIeHUU — 0CBOOOXKIaThCs. TakuM o0pa3oM, CTEK — IMHAMHUUYECKasi CTPYKTypa JaH-
HBIX, COCTOAILAS U3 HePeMEeHHO20 YNCIa FIIEMEHTOB.

Jjis paboThI CO CTEKOM BBEJIEM CIIEAYIOLIYIO CTPYKTYPY (BMECTO NPUBEIECHHO-
ro tumna Stack MoxeT ObITh JIF000# APYroi HACHTU(HUKATOP):

struct Stack {
int info; // NadopmarimoHHast 9acTh dJIEMEHTa, Harpumep, int
Stack *next; // AapecHas 4acTh — yKa3aTelb Ha CIICIYIONIUI 3JIEMEHT
} *begin; /] Yka3zaTelb BepIInHbI CTEKa

[Tpu paboTe co CTEKOM OOBIYHO BBIMOIHSIIOTCS CIEAYIONINE ONEPALIH:

— (hopmupoBanue cTeka (J00aBIeHUE AIIEMEHTA B CTEK);

— 00paboTKa 37IEMEHTOB CTEKA (ITPOCMOTP, MTOUCK, YIAJIEHUE);

— OCBOOOXKICHUE MAMSITH, 3aHATOU CTCKOM.

[TpuBenem mpuMepbl OCHOBHBIX (PYHKIMIA ISl pabOTHI CO CTEKOM, B3SIB IS
IPOCTOTHI B KayecTBe MH(POPMAIIMOHHON YacTH IIeNble Yucia, T. €. OOBSBICHHYIO
BBIIIIE CTPYKTYpy TUma Stack.

DyuKyus opmuposanus rnemenma cmexa

[MpocTeiimmii Bua Gyskimu (PUsh), B KOTOpYIO B KaueCTBE MapaMeTpoB Tepe-
JIAF0TCS yKa3aTellb Ha BEPIIMHY U BBeIeHHAs MH(OpMAIHs, a K3MCHEHHOE 3HAYCHUE
BEPIIMHBI BO3BPAIIAETCS B TOUKY BbI30Ba OrepaTopom return:

Stack™ InStack(Stack *p, int in) {

Stack *t = new Stack; /] 3axBaTbpIBaeM maMsITh IS DJIEMEHTA
t->info =in; Il ®opmupyem HHGOPMAITMOHHYIO YacTh

t -> next = p; /| ®opmupyem aipecHyO 4acTh
return t;
¥

OOparmenre K 3Toi (PYHKIUU JJIs1 JOOABIIEHUS HOBOTO JJIEMEHTA «@» B CTEK,
BEPIIMHON KOTOPOTO sBsieTCs yKa3aTensb begin: begin = InStack(begin, a);

Anzopumm npocmompa cmexa (06e3 W3BICUECHHUS €r0 DJIEMEHTOB, T. €. 0e3
C/IBHTA BEPIIHHBI):
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1. YcranaBimBaeM TeKyIIUW yKa3aTellb Ha Havaso crmcka: t = begin;
2. HaunmHaeM 1uKII, paboOTaroOIIUi 0 TeX MOp, MOKa yKasaTeidb ! He paBeH

NULL (npu3Hak OKOHYaHHS CIIHCKA).

3. BeiBoauM MHGOPMAIIMOHHYIO YacTh TEKyIIero syeMeHTa t -> info Ha skpaH.
4. Texymuii ykazaTenb EPECTaBIsIEM Ha CIEAYIOIUN 3JIEMEHT, aJpec KOTOPO-

0 HaXoauTCs B moje nNext tekyuero anemenra: t =1t -> next;

endl:

MCHT

5. Koner 1ukina.
DyHKyusl, peanusyowas paccmMompeHHblll aneopumm:.

void View(Stack *p) {

Stack *t = p;

while( t 1= NULL) {

// BeiBox Ha 3kpaH nHGOPMAIIMOHHON YacTh, HampumMep, cout << t -> info <<

t =1t -> Next;
}

Ooparenue k 3Toi Gpyukuuu: View(begin);
brok-cxema ¢pynkuuu View npencranieHa Ha puc. 3.1.

6/ lew(Stack *pD
|
Stack *t=p
|
t 1= NULL

[
t=1t->next

Puc. 3.1

HECT

@yukuuﬂ nojiyueHu:n und)opmauuu U3 eepuiunbl cmexa C uzeneuernuem.
Stack* OutStack(Stack™ p, int *out) {

Stack *t = p; /[ 'YcranaBiauBaeM ykaszaTelb t Ha BEpIIUHY

*out = p -> info;

p =P -> next; Il TlepectaBiseM BepIIMHY P Ha CJIACIYIOIIUN 3Jie-
delete t; [l'Y nansiem ObIBIITYIO BepIinuHy t

return p; // Bo3BpaiiiaeM HOBYIO BEPILUHY P

b

Ooparmenue k 3toii pynkuuu: begin = OutStack(begin, &a); urdopmarueit

SBJIACTCS ICPCAAHHOC 110 aAPCCy 3HAUCHHUC KA.

DyHKYUA 0C8000IHCOEHUA RAMAMU, 3AHAMOU CHIEKOM.

void Del_All(Stack **p) {
Stack *t;
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while( *p = NULL) {
t="*p;

*p = (*p) -> Next;
delete t;

¥

Oopamienne k sroit pyukuuu: Del All(&begin); mocie ee BBIIOIHCHHS yKa-
3areib Ha BepiinHy begin 6ymer paern NULL.

Copmupoeka 00HOHANPABIEHHBIX CHUCKOE

JUtst ycKOpeHusl ToMcKa MH(pOpMauU B CIIUCKE OOBIYHO MPH BBIBOJE JAHHBIX
CIIMCOK YNOPSAOYMBAIOT (COPTUPYIOT) MO KITIOUY.

[Ipoiie Bcero UCNoap30BaTh METOJ COPTUPOBKHU, OCHOBAaHHBII HA MEPECTAHOB-
K€ MECTaMU JBYX COCEJHHX 3JEMEHTOB, €CciIu 3T0 HeoOxoaumo. CylecTByeT /Ba
croco0a NepecTaHOBKHU AJIEMEHTOB: OOMEH aJpecamMu U 0OMeH HHpOpMaLeil.

1. IlepBblit cioco® — mepecTaHOBKa aJIpecoB JBYX COCEIHUX 3JIEMEHTOB, Clie-
OYIOIIMX 32 3JIEMEHTOM C HM3BECTHBIM yKa3aTeseM. IIepBelil 27eMEHT cTeKa B 3TOM
ciydae He copmupyemcs. J{is1 Toro 4ToObl M IEPBBIN AIEMEHT 0Ka3aJCsi OTCOPTUPO-
BaHHBIM, CJIEYET mepes oOpalieHueM K GYHKIIMH COPTUPOBKH J00aBUTH OAUH (JIO-
00I1) 3JIEMEHT B CTEK, a MOCJIE COPTUPOBKH — YJAIUTH €TO.

@OyHKIMS COPTUPOBKH JIJISl 3TOTO ClIydasi UMEET BUJL:

void Sort_p(Stack **p) {

Stack *t = NULL, *t1, *r;

if ((*p) -> next -> next == NULL) return;

do {

for (t1="*p; t1-> next->next !=t; t1=t1-> next)
if (t1->next->info > t1-> next-> next-> info){

I = t1->next->next;
t1 -> next -> next = r -> next;
r->next =t1-> next;
t1-> next =r;

t=t1-> next;
} while ((*p)-> next -> next I=1);

Ooparinenue k ator pynkuuu: Sort_p(&begin);

2. Bropoii cnoco6 — oOMeH mHbOpMaIei MEXIy TEeKYIIUM U CISTYHOIINM
aneMeHTamMu. OYHKIHS COPTUPOBKH JJIsI 3TOTO ciiydasi OyAeT UMETh BUJL:

void Sort_info(Stack *p) {
Stack *t = NULL, *t1;
intr;
do{
for (t1=p; t1 -> next I=t; t1 = t1-> next)
if (t1-> info > t1-> next -> info) {

17



r =t1-> info;
t1-> info = t1-> next -> info;
t1-> next -> info=r;

t=1t1;
} while (p -> next !=1t);

3.2. [Ilpumep BbINIOJIHEHUS 32IaHUS

Hanucats nporpammy, cofepxaliyto OCHOBHbIE (PYHKIIMM 00pabOTKH OJTHOHA-
IPABJIEHHOTO CIIMCKA, OPraHU30BaHHOI'O B BHJIE CTEKA, MHPOPMAIMOHHAs 4acTh KO-
TOPOrO MPEACTABISIET cO00M cirydaiiHble Henble yncia ot 0 1o 20.

struct Stack { Il Nexnapanus CTpyKTypHOT'O THIIa
int info;
Stack * next;

} *begin, *t;

e Jleknapanuu npoToTUTIOB (PYHKIUH MTOJIB30BATENS ---------~

Stack* InStack(Stack*, int);

void View(Stack?*);

void Del_All(Stack **);

[]-==mmmmmmmm - OyHk1us 100aBIeHus 3aeMeHTa B CTEK -------==============--

Stack* InStack(Stack *p, int in) {
Stack *t = new Stack;

t->info =in;

t -> next = p;

return t;
[]-=mmmmmmmm e OyHkIUs MpocMoTpa CTeKa-------==-==-=========mmmmmmmoe-
void View(Stack *p) {

Stack *t = p;

while( t = NULL) {
cout << " " << t->info << endl;
t=t->next;

[]-mmmmmmm - DyHKIUSA OCBOOOKICHUS AMSITH ------=--=-=====-==----

void Del All(Stack **p; E
while(*p '= NULL

t="*p;
*p = (*p) -> next;

delete t;
}
void main()
int i, in, n, kod;

while(true){
cout << "\n\tCreat - 1.\n\tAdd - 2.\n\tView - 3.\n\tDel - 4 \ntEXIT -0. : ";
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cin >> kod;
switch(kod) {
case 1: case 2:
if(kod == 1 && begin '= NULL){
/[ Eciin cozmaem HOBBIN CTEK, JOJDKHBI OCBOOOAMTH MaMSITh, 3aHATYIO TIPE/IbI-
AyHIUM

cout << "Clear Memory!" << endl;
break;

cout << "Input kol ="; cin >>n;
for(i=1;1<=n;i++) {

in = random(20);

begin = InStack(begin, in);

If (kod == 1) cout << "Create " << n << endl;
else cout << "Add " << n <<endl;
break;
case 3: if('begin){
cout << "Stack Pyst!" << endl;

break:
cout << "--- Stack ---" << endl;
View(begin);
break;
case 4:

Del_All(&begin);
cout<<"Memory Free!"<<endl;
break;
case O:
if(begin 1= NULL)
Del_All(&begin);
return; [l Beixon — EXIT

3.3. UnauBuayaibHbIe 321aHUS

HammcaTte mporpammy 1mo co3jgaHuio, 100aBICHHIO, MPOCMOTPY M PEHICHUIO
MPUBEICHHBIX Jajiee 3a/1a4d (B paCCMOTPEHHBIX ITPUMEpax 3TO ICHCTBHUE OTCYTCTBYET)
JUIS. OJTHOHAIIPABJICHHOI'O JUHEHHOrO crmucka tuma Stack. Peamn3oBaTth COPTHPOBKY
CTeKa METOoAaMH, PaCCMOTPEHHBIMU B noapaszaene 3.1.

Pemenue nmocraBieHHOM 3a4a4M OIHMCATh B BHJIE OJIOK-CXEMBI.

Bo Bcex 3aJaHUAX CO34aTh CIIMCOK M3 ITOJIOKHUTCIIBHBIX W OTPHLOATCIBHBIX
CﬂyqaleBIX OCIbIX YHUCCII.

1. Pa3zaenuth co3AaHHbIN CIIMCOK Ha J[Ba: B MEPBOM — IOJIOKUTEIbHbBIC YHCIIA,
BO BTOPOM — OTPHUIIATEIbHBIE.
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2. Y anuth U3 CO3AaHHOTO CIIMCKA AJIEMEHTHI C YeTHBIMU YUCIIAMH.

3. Y anuth U3 CO3JaHHOTO CMKUCKA OTPULIATEIbHBIE JIEMEHTHI.

4. B cO31aHHOM CITUCKE TIOMEHSTh MECTaMU KpaltHUE DJIIEMEHTHI.

5. W3 co3gaHHOrO CNHCKa YJAIUTh JIEMEHTHI, 3aKaHUYMBaroIuecs Ha nudpy 5.

6. B CO3JaHHOM CITMCKE ITIOMCHATHL MCCTaMHU 3JICMCHTLI, COACPIKAIIIMUC MAKCH-
MaJIbHOC 1 MMHUMAJIbHOC 3HAYCHU .

1. HCpGHGCTI/I N3 CO3JaHHOIO CIIMCKa B HOBBIM CIIMCOK BCE QJICMCHTBI, HaXO0-
JAMUCCA MCIKIY BepIHHHOﬁ N MaKCHUMaJIbHBIM 3JICMCHTOM.

8. HCpGHeCTI/I N3 CO3JaHHOI'O CIIMCKa B HOBBIM CIIMCOK BCE OJICMCHTBI, HaX0-
JAMUECA MCIKAY BepIHHHOﬁ U 3JICMCHTOM C MUHUMAJIbHBIM 3HAYCHUCM.

9.B CO3JJTaHHOM CIIMCKC OIIPpCACIIMTL KOJIUMYCCTBO U YAAJIUTH BCC 3JICMCHTHI,
HaxXoOAmMUEeCA MCKIY MUHUMAJIbBHBIM 1 MAKCHUMAJIbHBIM 3JICMCHTAMM.

10. B CO3AaHHOM CITMCKC OIIPCACIINTDL KOJINYCCTBO 3JICMCHTOB, UMCIOIIHUX 3HA-
YCHUA, MCHBIIC CPCAHCTO 3HAYCHUA OT BCCX 3JICMCHTOB, U YAAJIUTD 3TU 3JICMCHTBI.

11. B co3maHHOM CIHCKE BBIYMCIUTH CpeHEE apu(PMETUUECKOE U 3aMEHUTh
VM TIEPBBINA DJIEMEHT.

12. Co3nmaHHBIN CIIHCOK PA3CINTh Ha JBa: B IMEPBBIN MIOMECTUTh YETHHIE, & BO
BTOPOM — HEUYETHBIE YNCIIA.

13. B co31aHHOM CIIMCKE OIPEeISTUTh MAKCUMAIBbHOE 3HAYE€HHUE U YIAIUTh €ro.
14. 13 co31aHHOTO CIIHMCKA YAAINTh KaXKIbIii BTOPOM 2JIEMEHT.
15. 13 co3maHHOTrOo CNUCKa yAAIUTh KaXKIbIii HEYETHBIN 2JIEMEHT.

16. B co3maHHOM CIMCKE BBIYHMCIUTH CpelHee apu(MeTHIecKoe W 3aMEHUTH
VM BCE YETHBIE 3HAYEHHUsI DJIEMEHTOB.

3.4. KoHTpO/IbHBIE BONPOCHI

1. Uto Takoe crek?

2. YUto Takoe peKypCHUBHBIN THI JaHHBIX ?

3. BO3MO0XHO 1M yAQIUTh U3 CTEKA DJIEMEHT, HE SBIIIIOIIMNCS BEPIINHOW, IIPH
HTOM HE TIOTEPSIB OCHOBHOM CITUCOK?
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JlaGoparopHasi padora Ne4. /IluHamMuueckasi CTPYKTypa
OYEPEADb

Ueﬂb pCl60mbl: HU3y4YUTh BO3MOKHOCTH pa6OTLI CO CIIMCKaMH, OpPraHM30BaH-
HBIMU B BUJIC OUCPCAN.

4.1. KpaTkue TeopeTuyecKue CBeACHUS

Ouepedb — TMHEHHBIN CIIMCOK, B KOTOPOM M3BJICYCHUE JTAHHBIX MPOUCXOINT U3
Hayasia, a JJ00aBJIeHHe — B KOHEII, T. €. 3TO CTPYKTYpa, OPraHW30BaHHAS 110 MPUHIUITY
FIFO (First In, First Out) — nepBbIM BoIIIE], IEPBLIM BBIHICT.

ITpu paboTe ¢ oYepenbIo UCIONB3YIOT 06a YKa3amens — Ha TIEPBBIA dJICMEHT
(mauano — begin) u Ha mocnenuuii (koHer — end). Ouepean OpraHU3YIOTCS B BHJIEC
OJTHOCBSI3HBIX WJIM JIBYXCBSI3HBIX CITUCKOB, B 3aBHCHMOCTH OT KOJIMYECTBA CBSI3CH
(Ykazareseil) B aipeCHOM YacTu dJIEMEHTa CTPYKTYPHI.

Oonoceaznvie cnucku

[ITaG10H 351eMeHTa CTPYKTYPBI, HHPOPMAITMOHHOW YaCThIO KOTOPOTO SIBIISIETCS
1[EJI0€ YKUCIIO (aHAJIOTUYHO CTEKY), OyIeT UMETh CIACAYIOIIUN BUI:
struct Spisl {
int info;
Spisl *next;
} *begin, *end; /l Yka3arenu Ha Ha4ajlo ¥ Ha KOHEII
OcCHOBHBIE OTIEepaIiy C OYEPEIbI0 CIICTYIOITHE:
— (hopMUpOBaHUE OUYEPENH;
— 00paboTka ouepeau (MpOCMOTp, MOUCK, YAAICHHE);
— OCBOOOJKJICHUE 3aHATOU MaMSITH.

Dopmuposanue ouepedu COCTOUT U3 JIBYX ITAllOB: CO3JaHUE TEPBOTO dJe-
MEHTa U J00aBJIEHNUE HOBOTO 3JIEMEHTA B KOHEIl OYepPe/IH.

Dyukyust hopmuposanusi ouepeou u3 JaHHBIX 00BABICHHOIO BhIIIE THIA SPIS1
¢ n00aBJICHUEM HOBBIX 3JEMEHTOB B KOHEI[ MOXET MUMeTh cieayromuii Bug (b —
HAYyaJio ouepe/iu, € — KOHEl):

void Create(Spisl **b, Spisl **e, intin) { //in — nepenannas uHpopmanus
Spisl *t = new Spisl;

t->info =in; // ®opMupoBanre HHHOPMAITMOHHON YaCcTH
t ->next = NULL; // DOpMHUPOBAHHE ATPECHON YACTHU
I’flg*b == NtULL) // ®opMHUpPOBaHHE TTEPBOTO AIEMEHTA
= 7e = 1
else { // loGaBJIeHHE SJIEMEHTA B KOHEII

i*e) ->next =1t;
e=t;

Oopamienne k pynkuun Create(&begin, &end, in);
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Anzopummsl npocmompa u 0ce000x#cOeHUA RAMAMYU BBHITIOIHIIOTCS aHAJO-
TMYHO PaCCMOTPEHHBIM paHee s Cteka (cM. 1abopaTopHyto padoty Ne 3).

ﬂeyxce;wuble CnUCKU

JIByXCBSI3HBIM (JIBYHAIIPaBJICHHBIM) SIBJISIETCSI CIIMCOK, B aJIPECHYIO 4acTh KO-
TOPOro KpoMe yKazaTess Ha CIASAYIOIUM 3JIeMEHT BKIIIOUEH U yKa3aTelb Ha Mpebl-
JTYLIAH.

3amanmuM CTPYKTYpy, B KOTOpPOH ajpecHas 4acThb COCTOUT W3 yKaszaTelell Ha
npeasiaymi (Prev) u cneayrouiuii (Next) aJieMeHTshI:

struct Spis2  {

int info;

Spis2 *prev, *next;

} *begin, *end;

dopMupoBaHUE JIBYHAIIPABIEHHOTO CMHMCKA IPOBOJUTCS B JiBa 3Tamna: GpopMmu-
pOBaHUE TMEPBOrO dJEMEHTA U T0OABJICHUE HOBOTO, MPUYEM J100aBJICHUE MOXKET BbI-
noJHAThCS Kak B Havaso (begin), Tak u B koHerr (end) criucka.

Co3oanue nepeozo rnemenma

1. 3axBaThIBacM MaMsATh MO/ AJIEMEHT: SPIS2 *t = new Spis2;

2. ®opmupyem uHPOpMaroHHyo dacTh (t -> info = StrTolnt(Edit1->Text));
3. ®opmupyem aapecHsie yactu: t -> next =t -> prev = NULL,

4. YcraHaBIMBaeM yKa3aTelu Havyalla ¥ KOHIIA CITUCKA Ha TTePBhI 3JIEMEHT:
begin = end =t;

Jlobasnenue 3nemenma

J100aBUThL B CITMCOK HOBBIM DJIEMEHT MOKHO Kak B Ha4aslo, TaK U B KOHEII. 3a-
XBaT MaMATH B (popmMupoBaHre HHPOPMAITMOHHOW YaCTH BBITOTHSIIOTCS aHAJOTHIHO
npeabIayIeMy anroputmy (m.im. 1 —2).

Ecnu snemenT no0aBisieTcs B HA4yajo CIKCKA, TO BBITIOJHSIETCS CIIETyrOIIas
IIOCJIEIOBATEIbHOCTD JICUCTBUM:

t -> prev = NULL,; // TIpeapIIyIIero HeT

t -> next = begin; // CBsI3pIBAE€M HOBBIH 3JIEMEHT C MTEPBBIM
begin -> prev = t; // I3smeHsieM afpec Prev ObIBIIEro MepBoro
begin =t; Il TlepectaBnseM yka3atenab Degin Ha HOBBIH

B konerr aneMeHT 100aBisieTcsl CleayomuM o0pa3om:

t -> next = NULL; /I Cneqyroniero HeT

t -> prev = end; // CBsI3pIBA€EM HOBBIN C MOCJIEAHUM

end -> next = t; // IameHsieM azipec NeXt OBIBIIETO MOCIEIHETO
end = t; // 3meHsieM yka3aTenb end

Hpocmomp cnucka

[IpocMOTp cnMCKa MOKHO BBINOJHATH C Hayajga WM C KOHOA cnucka. [Ipo-
CMOTp € Hayaja BBINOJHAETCS TaK K€, KaK JJIsl OJHOHAIIPABIEHHOIO CIHUCKA, TOJBKO
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B ¢ynkumu View() HeoOX0AMMO M3MEHUTh CTPYKTYPHBIA THUN (CM. JTaOOpaTOPHYIO
padoty Ne 3).

Hpocmomp CnucKa ¢ Konya

1. YcranaBnuBaeM TeKyIIUH yKa3aTellb Ha KOHEI crucka: t = end;

2. Haumnaem nuki, padoTaromiuii 10 Tex mop, moka t '= NULL.

3. MudopManinoHHyI0 4acTh TEKYIIEro 3aemMeHTa t -> INfo BeIBOAMM Ha 9KpaH.

4. IlepecraBisieM TEKYIIMH yKa3aTeldb Ha MPEABIIYIIHNA 3JIEMEHT, aapec KOTO-
pPOro HaXOJIUTCA B IOJIE Prev TeKymero aneMmenra: t =t -> prev;

5. Konern nukia.

Anzopumm yoanenusn 31emenma 6 CHUCKe no Kiuy

VY aanuTe U3 cnHcKa 3JIeMEeHT, HH(OPMalMOHHAS YacTh (KJIt0Y) KOTOPOTO COB-
IIaJIaeT CO 3HAYCHUEM, BBEICHHBIM C KJIABUATYpPBI.
Pemenne nanHOM 3a1a4M MPOBOAMM B J1BA dTAla — IIOUCK U yIAJICHUE.

Ilepeuiit sman — nouck

AJTOPUTM TIOKWCKA aHAJOTHYEH MPOCMOTPY CIIMCKa C Hadaja. BBexem nomoii-
HUTEIbHBIN yKa3aTelb u npucBonM emy 3Hadenue NULL: Spis2 *key = NULL. Bge-
JIEM C KJIaBHATypbl ICKOMOE 3HaueHHUE |I_P (KITF0Y TIOMCKA).

1. YcraHOBUM TEKYIIMIA yKa3aTelb Ha Havaslo ciucka: t = begin;

2. Hauaso nukia (BeimosHaATh moka t = NULL).

3. CpaBHuBaeM MH(OPMAIIMOHHYIO YaCTh TEKYIIETO 3JIEMEHTA C UICKOMBIM, €C-
au oHu coBmnamaroT (t -> info = i_p), To 3amoMuHaeM aJpec HAMICHHOTO 3JIEMEHTA:
key = t; (ecym KJTI0Y MIOMCKA YyHUKALeH, TO 3aBepIiacM Mouck — break).

4. TlepecTaBisieM TEKyIIMI yKa3aTeldb Ha CIACAYIONIUHN nemMeHT: t =t -> next;

5. Konern nukia.

Beimonasem kouTpois, eciiu key = NULL |, T. €. HCKOMBIH DJIEMEHT He HalJIeH,
TO COOOIIIaeM 0 Heylaue W 3Tal yAaJeHHsI He BhIToHsIeM (return).

Bmopoit sman — yoanenue

Ecnu snement narinen (key = NULL), To BbIosHsAEM yaajeHHUE 3JIEMCHTA M3
CIHCKA, B 3aBUCUMOCTH OT €T0 MECTOHAXOKICHHS.

1. Ecnu ymanseMplii 3JIEMEHT HAXOAWTCS B Haudaje CIUCKa, T. €. Key paBeH
begin, To mepBbIM 3JICMEHTOM CITUCKA CTAHOBHUTCS BTOPOM 3JIEMCHT:

a) yKasaresb Hayaja CIMCKa IMePeCcTaBIIsIeM Ha CIICAYIOIMUi (BTOPO) JIEMEHT:
begin = begin -> next;

0) aapecy prev npucanBaeM 3HaueHue NULL, T. e. Teneps npeapiayiiero HeT
begin -> prev = NULL;

2. Ecnu ynmansieMblit 3JIeMEHT B KOHIIE CITUCKa, T. €. Key paBen end, To moce-
HUM 3JIEMEHTOM B CITUCKE JOJDKEH CTaTh MPEATIOCIICTHU:

a) yKaszaresb KOHIIA CITMCKA MePECTaBIIIeM Ha TPEABITYITUN JICMEHT:
end = end -> prev;

0) oOHyIsieM agpec NeXt HOBOTO MOCIEIHEr0 JIEMEHTa!
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end -> next = NULL;

3. Ecnu ynansieMblii 3JIEeMEHT HaXOJMTCS B CEPEAMHE CITUCKA, HYXKHO oOecrie-
YHUTh CBS3b MPEABLIYIIETO U CISAYIONIEro eMeHToB (puc. 4.1):

a) ot k-ro amemenra ¢ aapecom key obpatumcs k npenpyayiemy (K — 1)-my
3JIEMEHTY, ajipec koTtoporo Key -> prev, u B ero mose next [(key->prev)->next] 3amu-
miem agpec (K + 1)-ro anemenTa, 3HaueHre Kotoporo key->next:

( key -> prev ) -> next = key -> next;

0) ananmoruuHo, B moje prev (k+1)-ro smementa, ¢ aapecom Key->next 3amm-

mrem azapec (k—1)-ro snemenra:
( key -> next ) -> prev = key -> prev;
4. OcBOOOKIaeM MTaMSTh, 3aHATYIO YAaTCHHBIM 3JIEMEHTOM.

Anpeca i

/ N
aneMeHToB:  KEy->prev , key N key->next
P l N l
info info A info
. < prev ~e prev /' . prev
next & next ¢ K4 next el ...
L './
HOp}IHKOBB{e N— e e — —
HOMepa: k-1 k k+1
Puc. 4.1.

Anzopumm 0ce000xcoeHus namamu, 3aHAMOU 08YHANPAG/IEHHBIM CHUCKOM,
aQHAJIOTUYEH PACCMOTPEHHOMY aJlTOPUTMY [Jisi CcTeka (CcM. JlabopaTopHyr pado-
Ty Ne 3).

4.2. lIpumMep BBINOJTHEHHS 3aaHUSI

Hamnucate nmporpamMmy, coiepskaiyr0 OCHOBHbIE (DYHKITMU OOpaOOTKU JBYHa-
MPaBJICHHOTO CHHCKa, MH(GOPMAIIMOHHAST YaCTh KOTOPOTO MPEACTABISIET COOOM I11e-

JIBIC YHUCJIA.
struct Spis2 {
int info;
Spis2 *next, *prev;
} *begin, *end, *t;

void Create_Spis2(Spis2**, Spis2**, int);

void Add_Spis2(int, Spis2**, Spis2**, int);

void View_Spis2(int, Spis2*);

void Del_All(Spis2**);

[femmmmmemmm e Co3aHUE MEPBOTO IMEMEHTA ---=-========================
void Create_Spis2(Spis2 **b, Spis2 **e, int in) {
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t = new Spis2;
t->info =in;

t ->next =t->prev = NULL;
*b="*e=t,
-mmmmmmmm e JloOaBJICHUE PIEMEHTA B CITUCOK -----=-=================-=
void Add_Spis2(int kod, Spis2 **b, Spis2 **e, intin) {
t = new Spisz;
t ->info =in;
if(kod == 0){
t ->prev = NULL;
t -> next = *b;

*h) -> prev =t;
S‘b;t; P

else
¥—> next = NULL,;
t -> prev = *g,;
&*e) -> next =1t;
e=t;

J-mmmmmmmeem e [TpocMOTp AIIEMEHTOB CHHCKA ==========================-
void View_Spis2(int kod, Spis2 *t) {
While';(l 'p= NBLL) { ) _
orml->Memol->Lines->Add(t->info);
// B KOHCOJIBHOM MIPHJIOKCHHU: cout << t->info << endl;

if(kod == 0) t = t->next;
else t=t->prev;

¥
void main()
Inti, in, n, kod, kodl;
char Str 2%[10] = {"Begin ", "End "};
while(true)
cout << "\n\tCreat - 1\n\tAdd - 2\n\tView - 3\n\tDel - ANMtEXIT -0 : ";
cin >> kod;
switch(kod) { _ _
case 1: if(begin = NULL){
cout << "Clear Memory!™ << endl;
break;
cout <<"Begin Info="; cin>>in;

Create_Spis2(&begin, &end, in);
cout << "Creat Begin =" << begin -> info << endl,

break;
case 2:
cout<<"Info="; cin >>in;
cout <<"Add Begin-0, AddEnd-1: "; cin>>kod1;

Add_Spis2(kodl, &begin, &end, in);

if(kodl == 0) t = begin;

else t = end;

cout << "Add to " << Str[kod1] << " " <<t ->info << endl;
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break;

case 3: if(!begin){
cout << "Stack Pyst!" << endl;
break;

cout<<"View Begin-0,View End-1:";
cin >> kod1;
if(kodl ==0) {

t = begin;

cout <<"-- Begin --" << endl;

else {
t =end;
cout <<"--- End --" << endl;

}
View_Spis2(kodl, t);
break;
case 4.
Del_All(&begin);
cout <<"Memory Free!"<< endl,
break;
case 0: if(begin = NULL)
Del_All(&begin);
return;
}}
}

4.3. UnauBuayajbHble 3aJaHUSA

Hanucate nporpaMMmy mo co3JaHMIo, J00aBIEHUIO (B HAa4allo, B KOHEL), MPO-
CMOTpY (C Hayajia, ¢ KOHIIa) U PELICHUIO MPUBEACHHON B mojpasaeine 3.3 3agauu Jjis

ABYHAITPpaBJICHHBIX JIMHECWHBIX CITHCKOB.

4.4. KonTposibHbIE BONIPOCHI

1. Yto Takoe oHOHAIpaBJIEHHAs ouepe/b?
2. Yto Takoe AByHaIIpaBJICHHAs! O4epe/ib?

3. I'me, Ha Bam B3TJIsAI, YA0OHEE BCETO MCIOJIB30BATh JUHAMUYECKUE JIMHEH-

HBINA CITUCKHU?
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JlabopaTropHasi padora NeS. O0parHasi moJibCcKasi 3aNUCh

Llenv pabomer: M3yunTh TpaBuiia GOPMUPOBAHUS MOCTPUKCHOM 3amucu apud-
METHYECKHUX BBIPAKECHHH C UCTIOIB30BAHUEM CTEKA.

5.1. KpaTkue Teoperu4eckue cBeJIeHHs

Opnoit 13 3a7a4 npu pa3zpaboTKe TPAHCIATOPOB SBISETCS 3a/1ada pacuudpoB-
K1 apu(METUUECKUX BBIPAKECHUM.

Bripaxenue a+b 3anucano B ungpuxcrnou hopme, +ab — B npegpuxcroir, ab+ —
B nocmeukcnoii. B nan6osnee pacrpoctpaHeHHON UHGUKCHON dopMe I yKa3aHUs
MOCJIEIOBATEILHOCTH BBIMOJIHEHUSI ONEpaii HEoOXOJUMO pPacCTaBIsATh CKOOKH.
[Tonbckuit maremaTuk . JlykameBud ucnosnb3oBai TOT (aKT, 4TO MPHU 3aIUCH MOCT-
¢bukcHON hopMbl CKOOKH HE HYXHBI, a TTOCJIEIOBATEILHOCTh OMIEPAHI0B U ONepaluii
ynoOHa ais pacmiudpoBku. [loaTroMy mocTduKCHas 3aluch BhIPAXKEHUN MOTy4yuia
Ha3BaHUe oOpamuoit noavckou 3anucu (OI13). Hanpumep, B OI13 BeipakeHue

r=(@+Dhb).(c+d)—e;
BBITJISAIUT CIIEAYIONUM 00pa3oM:
r=ab+cd+.e—.

AnroputMm npeoOpa3zoBaHus BbIpakeHUs U3 UHPUKCHOHN (popmel B popmy OI13
obu1 peaioxkeH Dacrep Bube Jlelikctpoid. [Ipu ero peanuzanuu BBOJUTCS MOHSATHE
CTEKOBOTO ITPUOPUTETA OTIEPALIHIA.

PaccmoTpum anroput™m nomydenust OI3 U3 ucxogHOM CTPOKU CUMBOJIOB, B KO-
TOPOH 3aIMCAaHO BhIPAKECHUE B UHPUKCHOU hopme.

1. CumBoubI-OnIEpaHABl MEPENHUCHIBAIOTCS B BBIXOJAHYIO CTPOKY, B KOTOPOM
dbopmupyeTcst nocTPuKcHas popMa BEIPAKECHHUS .

2. OTKphIBaroIas CkoOKa 3aMrChIBAETCS B CTEK.

3. OuepenHas ormeparys BBITAJKUBACT B BBIXOJHYIO CTPOKY BCE OIEpaIidy 13
cTeKa C OOJBIIUM WA PABHBIM MPUOPUTETOM.

4. 3akpeiBaroriasi CKoOKa BBHITAJIKUBAET BCE ONEpallMy U3 CTeKa 0 Omkaiiei
OTKpBIBAIOIIEH CKOOKM B BBIXOJHYIO CTPOKY, OTKpBIBaIOIIas CKOOKa yAaisieTcs W3
CTEeKa, a 3aKphIBaIOIasi — UTHOPUPYETCS.

5. Ecnu mocne mpocMoTpa MOCIHEAHEr0 CMMBOJIA MCXOIHOM CTPOKH B CTEKE
OCTaJIMCh OTIEpalliy, TO BCE OHU BBITAJKUBAIOTCS B BHIXOJHYIO CTPOKY.

5.2. Ilpumep BbINOJIHEHUS 32IaHUS

Hamucats nporpamMmy pactmimdpoBKY U BBIUKCICHUSI apu(DMETUUECKUX BbIpa-
YKEHUH C UCTI0JIb30BAHUEM CTEKA.
Buna dopmbl 1 momydeHHBIE pe3ynbTaThl MPEACTaBICHBI Ha pucC. 5.1.
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iI BBeoWTe EbipakeHUS

3Ha
- 12 |a+b*(o-d)fe+l MepeBecTn
B 4 MNony4eHHan O3 :
: '8 Iabcd-*e,l'+f+ Mocuntath
E 2
; Pesynbtatr |[5.75
g 7 LI

Puc. 5.1

[TpuBeneM TOIBKO TEKCTHI UCTIONB3YEMBIX (PYHKIHI-00paOOTIMKOB M CO37aH-
HBIX (QYHKIUI moap30BaTes (TekeThl ¢yHkiuii InStack u OutStack B3ste u3 madopa-
TOpHO# padoTer Ne3, 3amenuB Tum int Ha char):

struct Stack {
char info;
Stack *next;
*begin;
int Prior (char);
Stack* InStac Stack*,char);
Stack* OutStack( Stack™ ,char*);
double Rezult(String);

double maS[ZOl] // MaccuB Jisi BBIYHCIICHHS
Set <(ihar , 255> znak; // MHOECTBO CHMBOJIOB-3HAKOB
int Ko
[]-==mmmmm - Tekct ¢pynkuun-oopadoryrka FormCreate -------------
Eﬁiitl->Text = "a+b*(c-d)/e™; Edit2->Text =",
chara="a}

StringGrid1->Cells[0][0] ="Vms";
StringGrid1->Cells[1][0] ="3nau.";

for(int i = 1; i<Kol, |++B {I'[ _ _ o
) StrmgGrldl >Cells[0 i] =a++; StringGrid1->Cells[1][i] = 1;

[]-=mmmmmmmmm e Tekct ¢pyHkimu-oopadorurika kHonku Ilepesecmu --------
Stack *t;

begin = NULL; // Ctek onepanuii mycT

char ss, a;

String InStr OutStr; /[ BxoHast ¥ BBIXOTHASI CTPOKH

OutStr =""; Edit2->Text="";

InStr = Edit1->Text;

Znak << "*' << << < g A

int len = InStr.Length(), k;

for (k= 1; k <=len; k++) {

ss = InStr[k];

// OTKpBIBAIOIIYIO CKOOKY 3alHiChIBa€M B CTEK

iIf (ss=="(") begin = InStack(begin, ss);

if (ss==7"){

// BeITamkKMBaeM U3 CTEKA BCE 3HAKH OTEpaIlfil 10 OTKPHIBAIOIICH CKOOKHU

while ( (begin -> infoz) I='C") g

begin = OutStack(begin,&a); // CunTbiBaeM 3JIEMEHT U3 CTeKa
OutStr += ga; // 3anrchIBaEéM B CTPOKY
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begin = OutStack(begin,&a); //'Y nanseM u3 creka '(' CKoOKy

I/l BykBy (orepaH;1) 3aHOCHM B BBIXOJHYIO CTPOKY
iIf (ss>= 'a' && ss <='z') OutStr +=ss;
/* Ecnm 3HaK omepaiuu, TO MEePEnUCchiBaéM M3 CTEKa B BBHIXOJHYIO CTPOKY BCE
omneparyy ¢ OOJIBIIINM WJIM PaBHBIM IPUOPUTETOM */
If (znak.Contains(ss)) {
while ( begin '= NULL && Prior (begin -> info) >= Prior (ss) ) {
begin = OutStack(begin, &a);
OutStr += &;

gegin = InStack(begin, ss);
i3;

// Ecii cTeK He IyCT, NEPENUCHIBAEM BCE ONEPALMHU B BBIXOJHYIO CTPOKY
while ('begin '= NULL) _
begin = OutStack(begin, &a);

OutStr += ga;
}Edit2->TeXt = QutStr; // BBIBOJIMM TTOJTyYE€HHYIO CTPOKY
J-mmmmmmmme e cneeeee Tekcr Qpynxun-oopadorurka kaonku IHocuumams -------
char ch;

String OutStr = Edit2->Text;

for (int i=1; i<Kol; i++)
ch = Strin Grid1->CeIIsEO][i][1];
mas[int(ch)]=StrToFloat(StringGrid1->Cells[1][i]);

Edit3->Text=FloatToStr(Rezult(OutStr));

/f---m-- DyHKIMS pealu3alyy IPUOPUTETA ONlepalUi------=-==-~
int Prior (char a ){
switch (a) {
case M. return 4;
case *". case'/" return 3;
case '-'. case'+" return 2;
case '(": return 1;
return 0;}
[[--=-mmmm e Pacuer apupMeTHUECKOTO BBIPAKEHUS -----=--=--==========-==----

double Rezult(String Str) {
char ch, chl, ch2;
double opl, op2, rez;
Znak << *' << << << g N
char chr ='z'+1;
for (inti=1; i <= Str.Length(); i++){
ch=Strl[i];
i1; (! ina .Contains(ch)) begin = InStack(begin, ch);
else
begin = OutStack(begin,&chl);
begin = OutStack(begin,&ch2);
opl = mas[int (chl)];
op2 = mas[int (ch2)];
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switch (ch){

case '+':
case '-':
case '*':

case /" :

case "M :

mas[int (chr)] = rez;

begin = InStack(begin,chr);

chr++;

¥

return rez;

}

5.3. UnauBuayaJibHbIE 3a1aHNS

rez=op2+op1,;
rez=op2-op1;
rez=op2*op1l,;
rez=op2/op1,;

rez=pow(op2,0pl);

break;
break;
break;
break;
break;

Hanucars nporpammy ¢popmupoBanust OII3 u pacuera noixy4eHHOTO BhIpaxe-
Hus. Pa3paborate yno0OHBINH HHTEpQEIC BBOJA UCXOHBIX JaHHBIX U BBIBOJA PE3YJIb-
TaTtoB. PaboTy mporpamMmsbl MPOBEPUTH HA KOHKPETHOM npuMepe (T1adi. 5.1).

Tabnuua 5.1
Howmep Buipaoicenue a b C d e Pezyno-
sapuanma mam
1 al(lb-c)-(d+e) | 86 | 24 | 5.1 0.3 7.9 —26.12
2 (@+b)-(c—d)/e | 74 | 36 | 28 9.5 0.9 —81.89
3 a—(b+c-d)/e 31 | 54| 0.2 9.6 7.8 2.16
4 alb—((c+d)-e) 1.2 | 0.7 | 9.3 6.5 8.4 | —131.006
5 a-(b-c+d)/e 9.7 | 82| 3.6 4.1 0.5 168.78
6 (@+b)(c-d)/e 08 [ 41| 7.9 6.2 3.5 2.38
7 a-(b—c)/(d+e) 16 | 49 | 57 0.8 2.3 -0.413
8 al(b-(c+d)-e | 85 | 03| 24 7.9 1.6 1.151
9 (@+(/c-d)-e | 56 |74 | 89 3.1 0.2 0.666
10 a-(b+c)/(d-e) | 04 | 23 | 6.7 5.8 9.1 —1.091
11 a—(b/c-(d+e)) | 56 | 3.2 | 0.9 1.7 4.8 —17.51
12 (@a-b)/(c+d)-e | 03 | 6.7 | 84 9.5 1.2 —0.429
13 al(b+tc—d-e) 76 | 48 | 35 9.1 0.2 1.173
14 a-(b-c)/(d+e) 05 | 6.1 | 89 2.4 7.3 —0.144
15 (@a+b-c)/(d-e) | 91 |06 | 24 3.7 8.5 —2.196
16 a-b/(c-(d-e) | 14 | 95| 038 6.3 7.2 14.594

w
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5.4. KoHTpo/bHBIE BONIPOCHI

1. Yto Takoe mocTPpuKcHas 3amuch?

2. Yto Takoe nHPUKCHAs 3aMuCh?

3. I'me, Ha Bam B3MJIsA, MOTYT OBITh MPUMEHEHBI AJITOPUTMBI, PEATU3YIOIINE
00paTHYIO MOJIbCKYIO 3aMUCh?
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JlaboparopHasi padora Ne 6. HesiuHelHbIe CIUCKHU

Lenv pabomwi: N3y4nTh ANTOPUTMBI 00pAaOOTKH JAHHBIX C HCIIOJIH30BAaHHEM
HEJIMHENHBIX CTPYKTYpP B BUJIE JAE€pEBa.

6.1. KpaTkue Teopernueckue cBeeHUs

[IpencraBnenre MMHAMHYECKUX AHHBIX B BUJE APEBOBUIHBIX CTPYKTYP OKa-
3BIBAETCS JIOBOJILHO YJI0OHBIM U 3P (HEKTUBHBIM ISl PEIICHUS 3a/1a4 ObICTPOTO MO C-
Ka HHGOPMAaIIUH.

JlepeBo COCTOUT M3 AJIEMEHTOB, Ha3bIBACMbIX y31amu (BEPIIUHAMU), KOTOPHIC
COEIUHCHBI MEXIy cOOOH HampaBiieHHbIMH ayramu (puc. 6.1). B ciyuae X—Y Bep-
muHa X Ha3bIBaeTCs npeokom (pooumenem), a Y — nomomkom (coinom, 00uepuvio).

VY nepeBa ecTh €IMHCTBEHHBIN y3€JI, HE UMEIOIIUHN MPEIKOB (CCHUIOK HA ATOT
y3e71), KOTOPBIA Ha3bIBACTCS KOPHeM. Y JI000TO IPYTroro y3jia eCTh pOBHO OJHH TIpe-
TIOK, T. €. Ha KaXIIbIH y3e] JiepeBa UMEETCs] POBHO OJIHA CCHUIKA. Y3eJ, Y KOTOPOTO
HET ChIHOBEH, Ha3bIBaeTCA Jaucmom (Hanpumep, yzen Y).

Buympennuii y3en — 310 y3eJ, HE SBISIIONIUICS HU JIUCTOM, HU KopHeM. Ilo-
PAOOK y371a PaBeH KOJIMYECTBY €r0 y3JI0B-ChIHOBEH. Cmenensb depesa — MaKCUMAaIlb-
HBIW MOPSIIOK €ro y3J70B. Beicoma (2n1yduna) y3na paBHa 4UCIy €T0 MPEAKOB ILIIOC
onvH. Beicoma oepeea — 310 HaubOIbIIAS BHICOTA €TI0 Y3JIOB.

Bunapnoe oepeeo noucka

Hawnbonee yacto ayis paboOThl CO CIUCKAMU UCIOIL3YIOTCA OMHAPHBIE (UMEIO-
Me cTereHs 2) nepesbs (puc. 6.1).

Kopens nepesa

Root
JleBoe monepeBo IIpaBoe nmoanepeBo
(BETBb) (BETBbB)
Left Right
Puc. 6.1

B nepeBe mowcka KJIHO4M pacrojioKeHbl TAKUM OOpa3oM, YTO 3HAYCHHE KITFOYa
JIEBOTO ChIHA MEHbIIIE, YEM 3HaUEHHUE MIPEIKa, a MPABOTO ChIHA — OOJIBIIIE.

Coanancuposarnnvimu, uan AVL-nepeBbsiMH, Ha3bIBAIOTCSA JACPEBbS, IS KaK-
JIOTO y3J1a KOTOPBIX BBICOTHI €T0 TOJIJIEPEBLEB Pa3INYaloTCS He O0Jiee YeM Ha eUHU-
iy.

JlepeBo 110 cBOEH OpraHu3aluy SABJSIETCS PEKYPCUBHOW CTPYKTYpPOW HAHHBIX,
MTOCKOJIBKY Ka)KJI0€ €Tr0 TOJJICPEBO TaKXKe SBIIICTCS JepeBOM. B CBs3M ¢ 3TUM Acii-
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CTBUA C TAKMMH CTPYKTYpaMH Hall€ BCCIrO OIMMCBIBAKOTCA C IOMOIIBIO PCKYPCUBHBIX
AJIrOPpUTMOB.

[Tpu paGoTe ¢ OMHAPHBIM JIEPEBOM IIPOCTEUINETO BUA, T. €. KIIFOUYaMH KOTOPO-
'O ABJIAIOTCA LICJIBIC YHCJIa ()/HuKa]leble, HE HOBTOpiI}OHII/IGCH), HCO6XOI[I/IMO HUCIIOJIb-
30BaTh CTPYKTYPY CIEAYIOIIETO BUJA:

struct Tree {

int info;

Tree *left, *right;

} *root; // root — ykasaresb KOpHs

B O6HICM ciIydac Ipu pa60Te C ICPCBbAIMU HGO6XOI[I/IMO YMCTh:

— copMHUPOBATh JAepeBO (100aBUTh HOBBIN 3JIEMEHT);

— 000#TH BCE JIEMEHTHI JepeBa (Hampumep, ISl MPOCMOTpPa WU BBITIOJHEHUS
HEKOTOPOU OIepaIim);

— BBIIIOJIHUTD ITIOUCK 3JICMCHTA C YKA3aHHBIM 3HAUYCHUCM B Y3JIC,

— YAQAJIUTDb SaﬂaHHBIﬁ DJICMCHT.

Dopmuposanue oepesa noucka COCTOUT U3 JBYX ITAMOB: CO3/IaHUE KOPHS,
SIBJISIFOIIETOCS JINCTOM, U J0OaBJICHHE HOBOTO 3JIEeMEHTa (JIMCTa) B HAlEHHOE MECTO.
Jlist 3TOrO Mcnosb3yercs PyHKUUs (GOPMUPOBAHUS JIUCTA!

Tree* List(int inf) {

Tree *t = new Tree; /] 3axBaT mamsaTu

t -> info = inf; /[ ®opmupoBanne HHOOPMAITMOHHON YaCTH
t->left=t->right = NULL; // ®opmupoBanue agpecHbIx yacTei

:r}etu mt; // Bo3Bpat CO31aHHOTO yKa3aTels

1. ITeponauansHo (root = NULL) coznaem KopeHb (nepéblit aucm oepesa):
root = List (StrTolnt(Editl->Text));
2. naye (root '= NULL) no6asnsem undopmariuio (key) B Hy:)xHOE MECTO:

void Add_List(Tree *root, int key) {

Tree *prev, *t; /] prev — ykazaresb npejaKa HOBOTO JINCTA
bool find = true;
t =root;
while (t && find) {
prev =t;
If( key == t->info) {
find = false; // Kittou mosmkeH ObITh YHUKAJICH
) ShowMessage("Dublucate Key!");
else
if (key<t->info)t=t-> left;
else t=t->right;
If (find) { // Hauimu Hy>KHOE MECTO
t = List(key); // Co3aem HOBBIH JTUCT

if (key < prev ->info) prev -> left = t;
else prev ->right =t;
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Dynukyus npocmompa InemMeHmos oepesa

void View_Tree(Tree *p, intlevel ) {
_String str;
if(p) {
View_Tree (p ->right , level+1); I/ TIpaBoe moaaepeBo
for (int i=0; i<level; |++) str=str+" "
Form1->Memol->Lines- ->Add(str + IntToStr(p->info));
View_Tree(p -> left, level+1); I/ JIeBoe moiiepeBo

¥
by
O6pamenne k pynknun View oyzaer umets Bua View(root, 0);
BTropeiM mapaMeTpom QYHKIHU SBISETCS NTEPEeMEHHas!, ONpeeIsIonias, Ha Ka-
koM ypoBHe (level) nHaxomurcs y3en (y kopHst ypoBeHb «0»). CTpoka Str ucmonb3yer-

sl JUTSI TIOJTydeHUs MPoOeIoB, HEOOXOAUMBIX JIJIS BBIBOJIA 3HAYCHHS Ha COOTBETCTBY-
IOIIIEM YPOBHE.

Yoanenue y3na c 3a0annvim Kinrouwom u3 depeea noucka ¢ COXpaHEHUEM €TO
CBOMCTB, BBITIOJIHAETCS B 3aBUCUMOCTH OT TOT'0, CKOJIbKO ChIHOBEH (ITIOTOMKOB) UMEET
YIAIAEMBIN y3€Il.

1. YpanseMmsplii y3en sIBIS€TCS JUCTOM — MPOCTO YAAISIEM CCBhUIKY Ha HETO.
[TpuBeaeM npuMep CXeMbl YAAJICHHS JTUCTA C KITI0OUOM Key:

[Tomyuum
@ el

2. YpanseMblid y3ell UMEET TOJIbKO OJHOIO MOTOMKA, T. €. U3 YAAJIIeMOTo y3ia
BBIXOJIUT POBHO OJIHA BETBb. [IprMep cXeMbl yaaneHus y3iia Key, HMEroIero oJHoro

ChbIHA!
[Tomyunm %
0 NULL

3. Yianenue y3ia, UMEIOLIEro AByX MOTOMKOB, 3HAUUTENILHO CII0KHEE MPUBE-
JICHHBIX BapuaHTOB. Eciu Key — ynaniseMslii y3el1, To ero ciaeayeT 3aMEHHUTD y3JIoM W,
KOTOPBIM COAEPKUT JIMOO HAUOONBIINI KJTIOU (CaMbIi TIpaBbId, Y KOTOPOTO yKa3a-
tesb Right paser NULL) B sieBoMm momepese, 1100 HAMMEHBIIHIA KITFOY (CaMBbIii Jie-
BEIi, y KoTOporo yka3atenb Left paen NULL) B mpaBom moanepese.

Hcnonb3ys nepBoe yciIoBUE, HAXOAUM y3€l W, KOTOPBIM SBISETCA CaMbIM IIpa-
BBIM Y3JIOM TOjiiepeBa Key, y Hero uMeercsi TOJIbKO JIeBbIi TOTOMOK:
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JIOK,

key VY nanuts y3en (7)

/
[Tomyunm °

DynKyus yoaneHus y3ia no 3a0aHHOMy Kiouy Key MoXeT UMETh BU]T

Tree* Del_Info(Tree *root, int key) {

Tree *Del, *Prev_Del, *R, *Prev_R,;

/[ Del, Prev_Del — ynansiemblii y3en u ero npenbirynmii (peaok);

Il R, Prev_R — syiieMeHT, Ha KOTOPBIA 3aMEHSACTCS yIaICHHBINA y3€l, U ero mnpe-

Del = root;

Prev_Del = NULL;

If---m-- [Mouck ymansieMoro 3JIeMEHTa U €ro MpejKa Mo Kirouy key ---------
while (Del '= NULL && Del -> info != key) {

Prev Del = Del;

if (Del->info > key) Del = Del->left;
else Del = Del->right;

If (Del == NULL) { /[ DneMeHT He HalCH
ShowMessage ( "NOT Key!"");
return root;

¥
J-mmmmmmeemmeeeeee e [Touck sneMeHTa R ISl 3aMEHBI ---=-=-==============nmmmmmmmmm-
ifI (Del -> right == NULL) R = Del->left;
else
if (Del -> left == NULL) R = Del->right;
else {
e WiieM camplii IpaBbii y3€/1 B JICBOM MOJICPEBE -----------------
Prev_R = Del;
R = Del->left;
while (R->right '= NULL) {
Prev R =R;
) R = R->right;
[[---=--=---- Harmm snemenT st 3amensl R u ero npenka Prev R -------------
if( Prev_R == Del) R->right = Del->right;
else {

R->right = Del->right;
Prev_R->right = R->left;
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R->left = Prev_R;

b
¥
if (Del ==root) root = R; Il'Y nanss kopeHs, 3aMeHseM ero Ha R
else
/[------- [Tonnepero R mpucoenunaseM K NpeaKy yaaaseMoro ysia -----------
if (Del->info < Prev_Del->info)
Prev_Del->left = R; // Ha neByto BETBb
else Prev_Del->right = R; // Ha paByto BETBb
delete Del;
return root;
by
Ilouck y3aa ¢ MUHUMAIbHbIM (MaKCllMtlJleblM) KJ1rnu4om.
Tree* Min_Key(Tree *p) { Il Tree* Max_Key(Tree *p)
while (p->left '= NULL) p = p->left; Il p=p->right;
return p;
¥

Torna s moydeHus MUHAUMAJIBHOTO KiTto4a p_min -> info:
Tree *p_min = Min_Key(root);

ITocmpoenue coanancuposannozo oepeea noucka ais 3aJaHHOTO (CO3aHHO-
r0) MaccHBa KIIFOUYCH «@» MOYKHO OCYIIECTBHUTbH, €CIIU 3TOT MAaCCHUB TPEIBAPUTEIHLHO
OTCOPTUPOBAH B MOPAIKE BO3PACTAHUS KIIOYa C IMOMOIIBIO CIEAYIOMIEeH PeKypCHB-
HoU niporieypsl (pu oOpamtenuu N = 0, K — pa3mep maccusa):

void Make_Blns(Tree **p, int n, int k, int *a) {
if (n==K) { *p = NULL,;
return;

else {
int m=(n+k)/2;
*p = new Tree;
(*p)->info = a[m];
Ma e_BInsE &g*pg->left, n, m, a);
Make BlIns( &(*p)->right, m+1, Kk, a);

k
k

Anzopummul 00x00a oepesa

CyIIeCTBYIOT TPH alropuT™Ma 00X0/a IePEBhEB, KOTOPHIE €CTECTBEHHO CIIEAY-
IOT M3 CAMOM CTPYKTYPHI JI€pEBa.

1. O6xox cieBa HanpaBo: Left-Root-Right (cHavana moceimaem jieBoe mojie-
PEBO, 3aTEM — KOPEHb U, HAKOHEII, TIPABO€E MOIIEPEBO).

2. O6xox ceepxy BaM3: Root-Left-Right (mocemaem KopeHb 70 MOAIEPEBHEB).

3. O6xox cuusy BBepx: Left-Right-Root (mocemaem kopeHs mocie moaaepeBb-
€B).
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HNHTepecHO mpociaeauTh pe3yabTaThl ITUX TPeX 00XO0J0B HA MPHUMEPE 3aIUCH
¢dbopMyIbl B BHIIE A€PEBA, T. K. KAK OHU W MO3BOJISIFOT MOTYYUTh Pa3idHbIe (POpPMBI
3amucu apuPMETHIECKUX BBIPAKCHHIA.

[Tycth mist onepannioB A U B BBITIOTHSETCS orepanus ciokeHus. [IpuBbraHas
dbopma 3amucu B Bujie 4 + B Ha3wpiBaercs un@ukcnoi. dopma 3amnmucH, B KOTOPOM
3HAK OIEpalMH CACAYeT Iepea onepanaamMmu +4B, Ha3bIBACTCS HPEPUKCHOIUL, SCITH KE
orieparys 3amuchIBaeTCs MOCIe OnepanioB AB+ — nocmguxchoii.

Paccmorpum HeOosblION mNpuMep, NMyCcTh 3aAaHo Bblpaxkenue A+B*C. T.
K.YMHOXXCHHE HUMEET 0oJiee BHICOKHI MPUOPUTET, TO TAHHOE BHIPAKEHHUE MOKHO TIe-
penmcath B Bujie 4 + (B - C). Jlns 3anvcy BeIpaKeHUS B TOCTPUKCHOM popme cHava-
Ja mpeodpazyeM Ty 4acTh BBIPAXKEHUS, KOTOPask BHIYUCIISCTCS TIEPBOM, B PE3yJIbTATE
nonyanMm: A + (BC-).

Tenepp 3amuinemM B MOCTPHUKCHOM (hopme OMeparuio CIOKEHHUS] MEXKIY Olie-
pangamu A u (BC*): ABC*+.

Takum oOpazom, BeipakeHne 4 + B * C B noctpukcHoM Buae ABC*+, npe-
¢dbukcHas ¢popma 3anucu Oyaet umets Bug +*ABC.

PaccmoTpuM pasnuunbie 00X0IbI AepeBa Ha pumepe dhopmydasl: ((a+b/c) * (d—
e*f)). JlepeBo dopmupyeTcs MO ABYM MPUHIIMIIAM BBITOJHUTCS MOCICIHEH;

— Y3JIbI — 3TO OIEpaIuH, OTIEPAH bl — ITO JHUCTHS JAepeBa.

O6x00 1 (Left-Root-Right) maer oObrdHYH0 MHOUKCHYIO 3allUCh BBIPAKCHUS
(0e3 cko0OoK): atb/c*d-e*f.

+ ,/ /l -
- ~~
Vi \ // \
/ /) N ' *
a 4 / \\ \ d % )
/ v N / / ~
/ 7 ==/ /7y
/ | | \ / | N
b Julce]) [le | f
/
\‘__// \\._)-// \\'/

Oox00 2 (Root-Left-Right) — umeer nmpedukcHyro 3amuch BeIpaxkeHus (0e3
CKOOOK): *+albc-d*ef.

/k/
_ //"—i\
i / \l
// + | 7 -
- e~
// ///\/\ k\ '/ A/ \I
/ / \ d T
* a / / N\ /l /
\ Vi / /\ ~ - / /-\‘
S—= v I \ I/ II |
(b ) vie]) el f
\ 7/ \\ \\__//
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Oo6x00 3 (Left-Right-Root) — umeet nmocrhukcHyrO 3aMuch BRIpaKECHUSI:
abc/+def*—*,

* ‘\\\\
// >N
{ R
+ \ - AN
\ \
\ \
\\ 1 * N
1 a AN 3
{ A \
\
\ AN |
\ b c| v\ e fl)
\\ /l N /
~~— - \\__)_ _____ P

DynKyus 0c6000)4#cOeHUA NAMAMU, 3AHAMOU 0EPEBOM
void Del_Tree(Tree *t) {

if (t!'=NULL)
Del Tree (t-> left); /[ Ha neByto BeTBb
Del_Tree (t-> right); /l Ha ipaByt0 BETBb
delete t;

¥

6.2. [Ilpumep BbINIOJIHEHUS 32 IaHUS

B kauecTBe mpumepa pacCMOTPUM MPOEKT (ISl TIOCIIEIOBATEIPHO BBEICHHBIX
kimrodeit 10 (kopenn), 25, 20, 6, 21, 8, 1, 30), KoTophIi co3AaeT IepeBo, OTOOpaxaeT
ero B Memo, ynasnser 3JIeMeHT 1Mo KIIouy U yaainseT nepeBo. [lanens nuanora Oyaet
MMETh BUJI, IPEACTaBICHHBIN Ha puc. 6.2.

Kak u B mpuMepax u3 mpeaplayluX J1abopaTOpHBIX paboT, MPUBEAEM TOJIBKO
TEKCThI (PYHKIHIT-00paOOTIMKOB COOTBETCTBYIOIIUX KHOMOK:

i+ BUHApHOE AEepPeBD - |EI|5|
Wiew ~| BeenuTe MHCpopMaumiol (ko) ISO
30
nE CoznaTe
21
o0 HoGaEnTE
8 [pocMoTpeTE
B

1 YoanuTe INFO

CceEofoOnTE NaMATE

4] _,ILI ExIT

Puc. 6.2
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struct Tree {
int info;
Tree *left, *right;
}*root; I/l Kopenb
[[--==-mmmm e Jlexyapanuy mpOTOTUIIOB (PYHKIIMM pabOThI C JEPEBOM ---------

void Add_List(Tree*, int);
void View_Tree (Tree*, int);
Tree* Del_Info(Tree*, int);
void Del_Tree(Tree*);
Tree* List(int);

if(root !I= NULL) Del Tree(root);
root = List (StrTolnt(Editl->Text));

[[-=mmmmmmmm - Teker pynkimu-oopadoturika kHonku IIpocmompems -----

if( root == NULL ) ShowMessage(" Create TREE !");

else {
Memol->Lines->Add("---------- View ----------- ");
View_Tree(root, 0);
¥
J-mmmmmmmeem e Tekcer Qpynkpm-00padoTunKa KHONIKY /Jodasump -----------

iIf(root == NULL) root = List (StrTolnt(Edit1->Text));
else Add_List (root, StrTolnt(Editl->Text));

[[-=mmmmmmmm - Tekcr dpyHkimu-oopaboTurka kHonku Yoanums INFO ----

int b = StrTolnt(Form1->Edit1->Text);
root = Del_Info(root, b);

[[--==mmmm e Tekct pyHkuuu-oopadorunka knonku OQUUHCTHTD -------

Del_Tree(root);
ShowMessage(" Tree Delete!");
root = NULL,;

if(root!=NULL){
Del_Tree(root);
ShowMessage(" Tree Delete!");
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¥
Close();

6.3. UnauBuayaJibHbIE 3a1aHNsI

Pa3zpaboTaTh mpoekT st paboThl C JEPEeBOM IMOUCKA, COACpPKALIUN ClIeTyI0-
e 00padOTYUKHU, KOTOPBIE TOJKHBIL:

— BBeCcTH MH(popManuo u3 kKomnoHeHTsl StringGrid B maccus. Kaxnpiii se-
MEHT MacCHBa JIOJDKEH COJIEpPKAaTh CTPOKY TEKCTa M IEJIOYMCIICHHBIN KItou (Hampu-
mep, DO u Homep macnopTa);

— BHECTH MH(OPMALINIO U3 MacCHUBa B IEPEBO TIOUCKA,

— cbanaHcUpOBaTh JIEPEBO MOUCKA;

— 100aBUTH B JIEPEBO MOKCKA HOBYIO 3aIIUCh;

— 110 33JaHHOMY KJTFOUy HalTH HH(OPMAIIMIO U OTOOPa3uTh €¢;

— YIQJIUTh U3 JIepeBa MOMCcKa HHPOPMAIIHUIO C 33/IaHHBIM KIIIOUOM;

— pacneyaraTh UH(OPMAIUIO TPSIMBIM, OOpPAaTHBIM 00XO0JIOM U B MOPSIKE BO3-
pacTaHus KII04a;

— pEUIUTh OAHY U3 MOCTABJICHHBIX 33aJa4 U pelieHue o(popMHUTh B BUJIE OJIOK-
CXEMBL.

1. ITomeHaTp MecTaMu WH(POPMAIINIO, COJEPKAITYI0 MAaKCUMaIbHBIM U MHHH-
MaJIbHBIU KJTIOYU.

2. IlopcunTaTh 4UCIO JHUCTHEB B AEpEBE (JINCT — 3TO y3€l, U3 KOTOPOTrO HET
CCBUIOK Ha JPYTHE Y3IIbl IEpEBa).

3. Yaanute U3 aepeBa BETBb C BEPIIMHOW, UMEIONIEN 3aJaHHBIA KITFOY.

4. OnpenenuTh MakKCUMaJIbHYIO TTyOUMHY J€peBa, T. €. YUCJIO Y3JIOB B CAMOM
JUTMHHOM TTyTH OT KOPHSI IepeBa J0 JIUCTHEB.

5. OnpenenuTs YACIIO Y3J10B Ha KaKJIOM YPOBHE JEPEBA.

6. YanuThe U3 JEBOM BETBH JIEpEBa y3€JI ¢ MAKCUMAJIbHBIM 3HAYEHUEM KITFOUa
Y BCE CBSI3aHHBIE C HUM Y3JIbI.

7. OnpenennuTs KOJIMYECTBO CUMBOJIOB BO BCEX CTPOKAX JA€PEBA.

8. OmnpenenuTh YUCIO JINCTHEB HA KAXIOM YPOBHE JIEpEBA.

9. OnpenennuTh YuCio y3J10B B IEPEBE, Y KOTOPBIX €CTh TOJIBKO OJUH CHIH.
10. OnpenenuTh YUCII0 Y3JI0B B IEPEBE, Y KOTOPBIX €CTh JABE JOUYEPH.

11. OnpenenuTs KOJIMYECTBO 3aMMCEN B JEPEBE HAUMHAIOIINXCS C ONPEICIICH-
HOU OYKBBI (HAIIpUMED, «a@»).

12. Haiitu cpenHee 3HaUY€HME BCEX KIIOUEW JE€peBa W HAWTU CTPOKY, UMEIO-
1Yo OJMXKANUIINI K TOMY 3HaYEHUIO KITIOY.

13. Mexny MakCuMaibHbIM U MUHUMAJIbHBIM 3HAYEHUSIMU KIIIOUEWd HAWTH 3a-
MUCH C KIIIOUOM, OJIMKANIINM K CpEeIHEMY 3HAYEHUIO.

40



14. Onpenenuth KOJIMYECTBO 3AMKCEN B JIEBOM BETBU JEpEBa.

15. Onpenenuth KOIUYECTBO 3aMUCEN B IIPABOM BETBU JIEPEBa.

16. Onpenenuth 4KCIIO JIUCTHEB B JIEBOW BETBU J€pEBa.

6.4. KoHTpo/1bHBIE BONIPOCHI

1. Yro Takoe nepeBo?

2. Uto Ha3pIBaeTCs ITyOHMHOM JepeBa?

3. Kakue cymecTByIOT aJlrTOpUTMbI 00X0/1a IEPEBhEB?
4. Kakoe nepeBo Ha3bIBaeTCd OMHAPHBIM?

5. Urto Takoe cOamaHCHPOBAHHOE JIEPEBO?
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JlaboparopHasi padora Ne 7. PenieHue cUCTeM JIMHEHHBIX aJIreo-
panvyecKux ypaBHEeHUH

Lenv pabomvi: U3yIUTHh TPSAMBIE U YHCICHHBIC METO/bI HAXOXKJICHUS KOpPHEH
CUCTEMBI JIMHEWHBIX anreOpandeckux ypaBHenuii (CJIAY).

7.1. OCHOBHDBIE IOHATHSA U onpeacjacHus

BrisiensitoT yeTbipe OCHOBHBIE 3a/laud JUHEWHOU anreOpel: pemenue CJIAY,
BBIYHCIICHUE OTPEACIIUTEIISI MaTPHUIIhl, HAXOXKJICHHE OOpaTHOW MaTPHIIbI, Ompe/ee-
HUE COOCTBEHHBIX 3HAYEHUH M COOCTBEHHBIX BEKTOPOB MATPHIIHI.

3amaua oteickanus perieHuss CJIAY ¢ N HEW3BeCTHBIMH — OJHA W3 HamOoJee
YacTO BCTPEYAIOIIMXCS B MPAKTUKE BHIYMCIUTEIBHBIX 3a/1a4, T. K. OOJBIIMHCTBO Me-
TOJIOB PEIICHUS CIOXKHBIX 3a/71a4 OCHOBAHO Ha CBEJCHUU UX K PEIICHUIO HEKOTOPOU
nociiegoBaresbHOCTH CJIAY.

OO0b1un0 CJIAY 3amuceIBacTCsa B BUE

n
2.8 jX;=b;;1<i<n  umm kopoTKO
=1

81897 - 8y % | b |
o 1. | X | - |b
AX=b, A=| = ° M lix=] " b=| 2 (7.1)
_an,l an,2 an,n 1 _Xn_ _bn_

3necs A u b 3ajaHsL, TpeOyercs HauTH X *, yinoBieTBopsommui (7.1).
N3BECTHO, YTO €CJIM ONPEACITUTEb MATPHUIIbI ‘A‘ #0, o CJIAY unmeer equn-

CTBEHHOE penieHue. B mpotuBHOM cityyae nmubo perienue otcyrcerByet (eciau b #0),
0o uMeetcsi OeckoHeuHoe MHOXecTBO perienuit (ecau b =0). [lpu pemennn cu-
CTEM, KPOME yCIIOBUS ‘A‘ # 0, BayKHO YTOOBI 3a7aua ObUIa KOPPEKMHOIL, T. €. YTOOBI

NPY MaJIbIX MOTPEIHOCTAX MpaBoi vact Ab u (nan) xodpduuueHto Ag; j 10-

IPELIHOCTh PELICHUS AX" TaKKe OCTaBamach MAJOIL. [Ipu3HaKOM HEKOPPEKTHOCTH,
WIHM TUIOXOM OOYCIIOBJIEHHOCTH, SIBJISIETCS OJU-
30CTh K HYJIIO ONPEIETUTENS] MaTPULIBI.

[Tnoxo oOycnoBneHHass cucremMa JABYX
YPAaBHEHUII T€OMETPUYECKH COOTBETCTBYET IIO-
YTU TapauiedbHbIM OpsiMbiM (puc. 7.1). Touka
NEPECEUCHHS TAKUX NPAMBIX (PEIICHKE) IPU Ma-
JCHIeH TOrpentHocTH KO3 OUIIMEHTOB PEe3KO
, capuraercs. OOyCIOBICHHOCTh (KOPPEKTHOCTD)
" CJIAY XapaKTEepU3yeTCs YHUCIIOM

x A detd#0 detd=0

Puc. 7.1 X:HAH-HA_lH >1. Yem panbiie y oT 1, TeM Xy-
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ke oOycnoBieHa cuctema. OOBIYHO TIpU >10° cucrema HEKOPPEKTHA U TpeOyeT
CHEIUATBHBIX METOJIOB PEUICHUS] — METOJIOB PEryJIsipU3aIliH.

Mertons! pemienust CJIAY nendrcs Ha npsMble U UTEPALIMOHHBIE U IPUMEHUMBI
TOJIBKO TSI KOPPEKTHBIX CUCTEM.

Ilpambie memoOwv! NAIOT NOCTAaTOYHO TOYHOE pELICHHE (€CIM HE YUYHUTHIBATH
OIMMOKY OKPYTJICHHS) 32 KOHEYHOE YHCIIO apu(PpMETHISCKUX onepanuid. [ xoporo

oOycnosnenHbix CJIAY Hebonbioro mopsiaka N < 10° -10* MPUMEHSIIOTCS TPAKTHU-
YECKHU TOJIBKO MPSMbIE METOIBI.

Haubonbiiee pacnpocTpaHeHue Cpeiu MPSMBIX METOJOB MOJIYYUIIU METOH
I'aycca nns CJIAY o6miero Buaa, ero MoauduKaIus s TpeXIuaroHaaIbHON MaT-
PUIIBI — METO/ MPOTOHKHN 1 MeTo KBaapaTHoro kopHsi 1 CJIAY ¢ cummerpuy-
HOW MaTpHUIIEH.

Hmepayuonnvle memoovl OCHOBAHBI HA MOCTPOCHUH CXOSIIECHCS K TOYHOMY

*

PELICHUIO X PEKYpPPEHTHOM MOCIIEIOBATEILHOCTH BEKTOPOB

7(0,7(1,7(2,...,7(|( wf( HMrepanuu BBIOTHSAIOT 10 TE€X IOP, MOKa HOPMA pPa3HoO-

<g. Mocnemuee X O0epyT B KauecTBe MpuOIIHU-

CTH Oy :HXK - )?k_l“ = max‘xik - Xik_l‘

YKEHHOTO PEIIICHHUS.

HtepanrionHbie METOABI BBITOIHBI IS cUcTeM Ooubloro mopsaka N > 1000, a
TaKKe JIJIs1 PEIICHHS TIJI0X0 O0YCIOBICHHBIX cHCcTeM. MHOroo0pa3ue nuTeparuoHHbIX
MeTon0B pemieHuss CJIAY o0bscHSETCS BO3MOXKHOCTBIO OOJIBIIIOr0 BHIOOpA pPeKyp-
PEHTHBIX TOCEAOBATEILHOCTEH, ONpeaeatomux Metoa. Hanbonpiiee pacnpocTpa-
HEHHUE CpeJld UTEPaAllMOHHBIX METOJIOB IMOJYYMJIM OJHOIIArOBBIC METObI MPOCTOM
uTepanuu u 3eiaess C UCIOIb30BaHUEM peslaKCAIUM.

JI11s1 KOHTPOJISI TOJIE3HO HAUTU HEBA3KY ITOJYYEHHOIO PEIICHUS XK
: K
A=max[oi — 2 & jX]
1<i<n j=1

ecJii A BEJIMKO, TO 3TO YKa3bIBaeT Ha rpyOyto OMMOKY B pacyeTe.
Jlanee npHUBEIEHO OIMCAaHUE AJITOPUTMOB YKa3aHHBIX METOAOB pPEIICHHUs

CJIAY.
7.2. llpsimblie MmeToabl pemennst CJIAY

Memoo I'aycca (MG)

MeTo OCHOBaH Ha MPUBEIECHUM C TOMOIIBIO MpeoOpa30BaHuil, HE MEHSIOUINX
pemenue, ucxonno CJIAY (7.1) c npousBonsHON MaTpuueid k CIIAY c BepxHei
TPEyroJIbHOM MaTpULECH BUA
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!/ ! ! !
alllxl + a1,2X2 +...+ al,an == bl’

an n X = by
Ortan NpuBEIEHUS K CUCTEME C TPEYTrOJIbHOM MAaTpULIEH HA3bIBAECTCS MPAMbBIM
x000m memooa l'aycca.
Pemenue cucteMel ¢ BEpXHEH TpeyroJbHON MaTpuLei (7.2), Kak JIETKO BUJIETh,
HaxoAuTCs 1o popmysam, Ha3bIBAEMbIM 00pamHbim X000m memooa I'aycca:

n
b — 2 agiX
Xy =bp /@) 5 % = ';kfl k=n-1,n-2,..1. (7.3)
k,k

Ilpamoii xo0 memooa I'aycca ocymiecTBIISIETCS CASAYIONTUM 00pa30M: BBIUTEM
U3 KaXJa0ro M-ro ypaBHeHus (M = 2 ... N) MmepBoe ypaBHEHHE, YMHOXXEHHOE Ha
1/ @1 M BMECTO M-ro ypaBHEHMs OCTaBUM HOIydeHHOE. B pesysnbTare B MaTpule

CUCTEMBI UCKJIIOYAIOTCA BCE KOA((PHUIIMEHTHI IEPBOTO CTOJIONA HUKE AUATOHAIBHOTO.
3areM, UCTOJIb3ysl BTOPOE MOJYYCHHOE YpaBHEHHUE, aHAJOTHYHO HCKIIOYUM 3JICMCH-
ThI BTOpOTro cToiiomna (M = 3, ..., N) HIWKE TUAroHAJIBHOTO U T. JI. Takoe MCKITIOUCHHUES
Ha3bIBaeTC yukaom memooa I'aycca. TlponenbiBas mociieZloBaTeIbHO 3Ty OIepa-
IIUIO C PACIOIOKEHHbIMHU HIDKE K-ro ypaBHenmsmu (K=1, 2, ..., n — 1), npuxoaum K
cucteme Buja (7.2). Ilpu ykazanHbeix onepanusax pemieaue CJIAY He u3Mmensercs.

Ha xaxxgom Kk-m 1mare mpeoOpa3oBaHHil MPAMOTO XO[a 3JI€MEHThI MATPHI] H3-
MEHSIIOTCS IO hopmynam npamozo xooa memooa I aycca:.

a .
Am,i = an,i _ak,iaL,k’ k=1n-11i=Kk,n;

| ok (7.4)

a
m,k
b, =b, — by ,m=Kk+1n.
A k
GHGMGHTLI ak k Ha3bIBAIOTCA 2/1A6HbIMU. 3aMCTI/IM, YTO €CJIN B XOIC pvaeTOB

[0 JaHHOMY aJrOpUTMy Ha TIJIABHOW [MAroHald OKaXeTCsl HYJIEBOM 3JIEMEHT
8y =0, To nmpousoiiner cooit B OBM. /Iy Toro 4ToObl 3TOr0 M30€XaTh, CIEIYET

KKIBIA IIUKJI 10 K HAYMHATH C TIEPECTAaHOBKU CTPOK: CPEH IEMEHTOB K-ro cTonbma
Ay k» KSM<N HaXomAT HOMEP P TNIABHOTO, T. €. HAMOOJBIIETO MO MOAYIIO, U Me-

HAIOT MecTamu cTpoku K u p. Takoi BEIOOp TJIaBHOTO 3JIEMEHTA 3HAYUTEIBHO MOBBI-
IaeT YCTOWYMBOCTH AITOPUTMA K OIITMOKaM OKpYyTJeHus, T. K. B popmyinax (7.4) mpu
ATOM TIPOM3BOJIUTCS YMHOXEHHE Ha 4Yucia 8., /8 |, MCHBIINE CIUHMIBI, U TIO-

IPEIHOCTD, BOZHUKILIAS PAHEE, YMEHBILIACTCS.
Cxema anropuTma ¢ BBIOOPOM TJIABHOTO dJIEMEHTA IIPUBECHA Ha pucC. 7.2.
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r=ay
I
Arj = Gp,
I
a,; =r
|
[
r=>b,
I
by =b,
I
bp =r

x _bll/a.'l,ﬂ
I
k=n-1,1,(-1)
|
s=0
I
i=ktl, n
I
§ =8 tax
I
[

x, = (b=s)/ay,
[

[

( Fonr )

Puc. 7.2
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[Tpowmoctpupyem Merox 'aycca Ha pemienun CJIAY Tperbero nopsaka:
2% + X9 — X3 =1;
4%, +6, +2X3 =6;
6%, + 95X, +8X3 =14.
Ilepebiit yukn: BbIYTEM M3 BTOPOrO YpaBHEHHUS IIEPBOE, YMHOXXEHHOE HAa
a1 /@, =2, a3 TPETLErO — NEPBOE, yMHOKEHHOE Ha a3 / 8 =3 MOIy4HM

2% + Xy — X3 =1,
0+4, +4x;=4;
042X, +11x3 =11.
Bmopoii yukn. BbIMTEM W3 TPETHETO YPaBHEHHsI BTOPOE, YMHOXKEHHOE Ha
a3,/ 2y, =0.5; nomyunm cucreMy ¢ TpeyronbHoi maTpunei Buna (7.2):
2X) + X, — X3 =1,
0+4, +4x;=4;
0+0 +9x3=9.
Obpammubwlii Xx00: U3 TIOCIETHETO YyPABHEHH HAXOAUM Xg =1, IOJCTABIAA €TI0
BO BTOPOE, HAXOAUM X, =0, MOACTaBIIAA €r0 B IEPBOE, HAXOAUM X =1.

TakuM 06pa3’oM, MONYUEeH BEKTOP PELICHAS X = (XI , X; X;) =(10,1).

Memoo npozouku (MP)

MHuorue 3agaun (HanpuMmep, peuieHrue nudpepeHraibHbIX YPaBHEHU BTOPO-
ro mHopsjaka) mpuBoJIAT K HeoOoxoaumoctu pemieHus CJIAY ¢ TpexauaroHanbHOU
MAaTpPULICH:
¢ r00..000O X | |dy

P, g L0 ..0 00 | |x,| |dy

0 r,...0 0O X d
Pz Oz I3 A (7.5)

0 00 0.pyyly| [¥| [dy
0 000..0 On ' Xn1 dnl

WM KOPOTKO DTy CHCTEMY 3aIUCHIBAIOT B BUIE
OpXq + X =0y

PiXi_y + ;X + X g =d;;

PraXn + O Xn1 = g
nl=n+12<i<n,

B atom ciyuae pacuetnbie popmynbl MmeTosia ['aycca 3HAUUTENBHO yIPOIIAtoT-
cs. [locne uCKIIOUEHUsT MOAANArOHAIBHBIX 3JIEMEHTOB B pe3yJbTaTe MPSMOT0O X0Ja
Merona ['aycca m mocienyromero AeneHus KaKJI0ro YpaBHEHUS Ha AUAroHaJbHBIN
AJeMeHT cuctemy (7.5) MOKHO PUBECTH K BULY
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1 - 0..0..0 O x| |m
0 1-&..0..0 O] x| Im
...................................... X[ | = s . (7.7)
0 0 0..0.. L&, [X,| Mn
0 0 0..0.. 0 1| [Xq| Mm

ITpn 5TOM hopmynsl npsamozo xo0a Ui BBIYACIEHUA &;,1); MMEIOT B

& =-n/0q, m =0 /¢,
& =—h/(G+p&ia): i =(di—pmig) /(G + Pi&ioa); (7.8)
1=2,..,n.

Korna takoe mpeobpazoBanue (MpsiMOil X0J1) ClIENIaHO, hopmynst 00pammuo2o
Xxo00a merona ['aycca 1mony4aroT B BUJIE

Xn1 = (Ang = PraMn) 7 (g + Pra&n);
Xi = GiXip1 T ;s (7.9)
i=nn-1..1.

Pacuetnpie hopmyiel (7.8), (7.9) mosryunian Ha3BaHUE «METO MPOTOHKWY. [o-
CTaTOYHBIM YCIIOBHEM TOTO, 4TO B (hopMyJiax METOJia IPOTOHKU HE MPOU30UIET Je-
JICHUS Ha HYJIb U pacyeT OyJeT yCTOMYMB OTHOCUTEIBLHO MOTPEUTHOCTENH OKPYTJICHUS,
SIBJIIETCSI BBITIOJIHEHNE HEPABEHCTBA |qi| > | pi|+|ri| (x0Tst OBI JUI OJHOTO | JIOJDKHO

OBITh CTPOTO€ HEPABEHCTBO).
Cxema anropuTMa MeTo/ia MPOTOHKH TpeicTaBiIeHa Ha puc. 7.3.

(= 900

[ Raidns ]
|  =—r/z
n=nl-1 |
| N, = (d—pm,.)z
L ]
=—r/
& r/q, ——
l X1 = (dnlipnlnn)/
nl = d]/ql (qnl+pnl§n)
[ |
i=2,n i=n1,(=1)
I |
‘ z=q,tp&; ‘ x; = Ext;

Puc. 7.3
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Memoo keadpammnozo kopus (MQ)

Merton npenna3znaden s peumeHus CJIIAY ¢ cuMMeTpuuHOW MaTpULEed U Oc-
HOBaH Ha MpPEACTaBICHUM TaKOW MAaTpUIbI B BHJE MPOU3BEACHHUS TPEX MATpPHII:
A=S".D-S, rae D — muaronanbHas ¢ snementamu di=+1; S — BepxHss TpeyrojbHas
(Six =0, ecmn i>k, mpuuem s;; >0); ST — TpaHCIOHHPOBAHHAS HIKHAS TPEYTOMb-
Hasg. MaTpuily S MOXHO TIO aHAJIOTHH C YHCIaMU TPAKTOBaTh KaK KOPEHb KBaJpaT-
HBIM 13 MaTpUIlBl A, OTCIO/Ia ¥ Ha3BaHUE METOIA.

Ecu S u D U3BeCTHBI, TO peleHre HexoaHoi cuctemsl A-X=S' -D-S-X=hb

CBOJIMTCS K MOCJICIOBATEIIbHOMY PEIICHUIO TPEX CUCTEM — ABYX TPEYTOJbHBIX U OJ-
HOUW nUaroHaJIbHOM:

S".7z=b;D-y=7;S-X=Y. (7.10)
3nece Z=D-S-X,y=S-X.
Pemenue cucrem (7.10) BBUIY TPEYroIbHOCTA MATPHUIILI S OCYIIECTBIIAETCS 110
(I)OpMy.]'IaM, AHAJIOTUYHBIM 06paTHOMy Xoay MCTtoaa Faycca:

i-1
Yo =by /8005 yi = (0 = 2 diyiS i) /siidis 1=2,3,...,m;
k=1

n
Xg =Yn/Sqns X =(Y;— > XSik)!Siii=n=-1n-2,..,1
k=i+1
HaXO)KI[GHI/IC DJICMCHTOB ManI/H_IBI S (I/IBBJ'IGLIGHI/IG KOpHH n3 A) OCYH.[CCTBH’IGT-
Csl TI0O PEKYPPEHTHBIM (popMysam:

: K 2
d =sign(ay x — 2. d; ‘Si,k‘ ;
i=1

Sk k = ' k=12,..,n (7.11)

k-1 )
dy — 2.0 ‘Si,k‘
i=1

k-1
Sk = @ — 2 disikSi )/ (Sekdi)s j=k+Lk+2,...,n.
i-1

B stux dopmynax cHadana mosaracM K = 1 u mocieaoBaTeIbHO BBIYMCIIIEM

d; =sign(ay), $;1 =, ”al’l‘ M BCE DJIEMEHThI NIEPBOH CTPOKM Marpuusl S(Sy j, j >1),
3aTeM nosaraeM K = 2, BBIYUCISEM S, , M BTOPYIO CTPOKY S; j JUIA | > 2 M T. 1.

Meton kBazpaTHOTO KOpHS MOYTH BiaBoe 3ddekTuBHee Merona ["aycca, T. k.
MOJIE3HO UCTIOIB3YET CUMMETPUYHOCTh MATPHIIHIL.

Cxema anroputmMa MeETOJla KBaJpaTHOTO KOpPHsS MpeacTaBieHa Ha puc. 7.4,
®dyukius sign(x) Bosspamiaet —1 s Beex X < 0 m +1 st Becex X > 0.
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k=1,n
|
A=a;,
Hem
oa
Lk >
|
A=A-ds}
[
[
d, = sign(A)
|
Sk = Al
|
j=ktl,n >
|
oa
i=1k-1 >—
|
A=A- dis[’ks[’j

I
|

Puc. 7.4

i=2,n
I
|
k=1,i—1
|
A=A- dkyksk,i
I
[

[

[
Xn :yn/sn,n
|
i=n-11(-1)
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[IpomurocTpupyeM METOJ KBaApPaTHOTO KOPHS, pellas CUCTEMY TPEX ypaBHE-

HUW:
X+ Xy +X3=3 111 3
X; +2Xy +2X3 =5 A=1122|, b=|5]| (7.12)
X, +2Xy +3X3 =6 123 6

HerpyaHo mpoBepuTh, uTO MaTpuia A eCTh IPOU3BEACHUE ABYX TPEYTOJbHBIX
Matpul (3aech d, =1):

1117 1007 111
A=[122|=/110|x/011|=S".S.
123 |111] |o01

I/ICXOI[HYIO CUCTCMY 3aIIMIICM B BUC

111 001 6
O003HauYNM

111 X
S-X=[011|x|x,|=
001 X3

Toraa ays BeKTOopa Y MOJIYy4YUM CUCTEMY ST 6

100] [y, 3
110 |x|y,[=|5=V¥,=3 ¥,=2, y;=1.
111 |y; 6
3Has Y, pelaemM cCUCTeMy _SY( =y:
111] [x
011 |x|X,|=|2|= %=1, x,=1, x=1.
001] |x 1

100] [111 3
ST.S.x=[110|x|011 x)@ =|5].

7.3. Utepaunonnbie MeToabl pemenusa CJIAY

Memoo npocmoit umepavyuu (MI)

B cootBeTcTBUM ¢ 001IEH uaeel UTEPAIIMOHHBIX METOJIOB MCXOJIHAsI CUCTEMa
(7.1) nomxHa ObITh IPUBEJICHA K BUY, Pa3pPCIICHHOMY OTHOCHTEIBHO X :

X=GX+C =¢(X), (7.13)
rae G — marpumna; € — cToa0e1] CBOOOHBIX WICHOB.

[Ipu sToM pemenue (7.13) nomxHo coBnaaars ¢ pemenueM (7.1). 3ateM cTpo-
UTCSI pEKypPEHTHAs MIOCJIEI0BATEIBLHOCTH IEPBOTO MOPSIKA B BUJIE
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=N =Gx*t+c, k=1 2, ....
Jl1s Hauana BBIYHCICHHH 3a1aeTCsi HEKOTOPOE HAYAbHOE HPHOIIKCHHE X'

(Hanpumep xf =1 .., Xr? =1), nnsg OKOHYAaHUSA — HEKOoTopoe Manoe €. llomyuaemas

MOCIIE0BATEIBHOCTh OY/I€T CXOAUTHCA K TOUHOMY PEIHICHHIO, €CIM HOpMa MaTPHUIIbI
1G] <1.

[TpuBecTr HCXOAHYIO CUCTEMY K BUAY (7.13) MOXKHO pa3IMYHBIMHM CITIOCOOAMH,
HaIpUMep:
X =X +a(AX—b) = (E + 0A)X —ob = GX +C.
3nech E — enuHMYHAS MaTpUIIA; 0L — HEKOTOPHIN IapaMeTp, oa0upas KOTOPBIH
MOKHO JOOUTHCS, YTOOBI HGH = H E+ ocAH <1.

B yacTHOM ciydae, eciii UCXOJHasl MaTpula A UMeeT npeodIIaJarollyto IaB-

n
HYIO AuaroHalib, T. €. a .| > a. , TO II 606 Ad30BaAHHC 71 K 713 MOXHO OCY-
y i ik p p y
k=

ki
MICCTBUTH IIPOCTO, p€uIasd KaxXIaoc I-e YpaBHCHHUEC OTHOCHTCIIBHO Xi' B pe3ynbpTaTe
ITOJIYYHM CIICOYIOINYI0 PEKYPPCHTHYIO (bOpMYJIY:

R : : ,
0= Do =X (714
j=1 =

Q

J#i
gij=—a;/a; 9,;=0 ¢=b/g;.
Cxema anroputMma mpejcTaBlieHa Ha puc. 7.9.
[IpuBenem npumep pelnieHusi METOJIOM MPOCTOM UTEpalMy CIEAYIOIEH CUCTe-
MBI TPEX YPaBHEHUN:
A% — X, — X3=2;
X, +5X, — 2X; =4, (7.15)
X+ X, +4X%; = 6.
[TpeoOpa3syem ee k Bugy (7.13), 11 4yero u3 mepBoro ypaBHEHHUs BBIPAZUM X,
U3 BTOPOIO — X, U U3 TPETBETO — Xy M MOIYYUM PEKYPPEHTHYIO (hOPMYILy

X =(2 +X+ X) /4 [N =X x4
X3 = (6- X — Xz)/4 Xlgf =(6— Xlk—l_ X|2<_1)/4.

3anaguM HavambHOE MpubmKeHne X° = (X, X5, X3) =(0, 0, 0), mojcTaBuM B
npasyto gacts (K = 1), momyaum X (Xl1 =0.5, X% =0.8, Xé =1.5).

ToacTaBsis ONy4eHHbIe 3Ha4YeHus cHoBa B (7.16) (K = 2), monyunm X°:
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x2 =(2+0.8+ 1.5)/4 =1.075;
x; =(4-05+2-15)/5=1.3;
x: =(6-0.5- 0.8)/4 =1.175;

T. e. X°= (1.075; 1.3; 1.175).

Bperaucnum IIOrpCIIHOCTD HA BTOpOfI UTCpalmn:

5 =[x ] =
C

max
1<i<3

X’ = X|=max(0.575; 0.5; 0.325) = 0.575.

Ecmm d > €, To mporiecc mpo0inKaeM.

52

POY@

s=0s +(1-m)x

it,de, X

oa

( Koney )

Puc. 7.5



Memoo 3enoena (MZ)

Meron 3eiiaens sBiusercs moaudukanye meTona npoctoil urepanuu. CyTh
€ro COCTOHUT B TOM, YTO TP BBIYUCICHHH OYEPETHOTO MPUOITMKESHUS Xik (2<i<n)B

dbopmyne (7.14) UCHONB3YIOTCS BMECTO xf_l, . Xik__l1 yKE€ BBIYUCIICHHBIE paHEe
X, oy %q, T. €. (7.14) mpeobpasyeTcs K BHIY
i—-1 n
X= g X+ > g X He, i=L..,n. (7.17)
j=L j=i+l

Takoe ycoBepiIeHCTBOBAHUE MO3BOJISIET YCKOPUTH CXOAMMOCTh UTEpPALU IMO-
4YTH B JIBa pa3za. Kpome Toro, maHHbIil MeTOJ MOKET ObITh peasin3oBaH Ha DOBM 6e3
NPUBJICYCHUSI IOTIOTHUTEIFHOTO MACCHBA, T. K. IOJY4YEHHOE HOBOE Xik cpa3y 3achlia-
eTCsl Ha MECTO CTaporo.

CxeMa anropuTMa aHalIOTMYHAa CXEME METOoJa NpPOCTOM wurepauuud (cMm.
puc. 7.5), eciu Xoj 3AMEHUTH Ha Xj U yOpaTh CTPOKH Xoi=1, Xoi=Xi.

Jist wmroctpanuu pemum cuctemy (7.15) merogom 3eiiaens. [lpu atom oTHO-
CUTETBHO (X, X,, X3) aHajorm4Ho (7.16) nomygaem pekyppentHyo dopmymy (7.17)

BHU A
X =2+ x5 x5/ 4
X5 = (4 - x +2x51) /5, (7.18)
X =(6-%— x5)/4.
3aﬂaIII/IM, KaKk U B MCTOIC HpOCTOﬁ UTCpallii, HA4YaJIbHOC YCJIIOBUC
x° = (0, 0, 0), monCTaBUM B IepBOE ypaBHEHHE, momydaeM X = 0.5. ITpu BbramcIe-

HUU x% 3TO 3HAYCHHUE Cpa3y HCIOJb3yeM: X% =(4-0.5+0)/4=0.7, aHamoru4Ho
X3 =(6—0.5-0.7)/4=1.2 nonygaem X' =(0.5; 0.7; 1.2). Jlns BTOpOii NTEpaIyy:

x2=(2+0.5 + 1.2)/4=0.925;
X =(4-0.925+2-1.2)/5=1.085;
X§ =(6-0.925-1.085)/4 =0.998;
x* =(0.925; 1.085; 0.998).
[TorpemHoCTh MOCHE IBYX UTEpaluii O = H)?Z — 7(1H =0.425 MmeHbIIIe, YEM B Me-

TOJIE POCTOW UTEPALIUH.

7.4. IlonsiTHe peakcanun

MeToapl MPOCTOW UTEPALUUA U 3€UAEHS CXOAATCS NPUMEPHO TaK ke, Kak reo-
MEeTpUYEeCcKasi IPOrpeccus CO 3HAMEHaTeIeM ||G|| Ecnu Hopma martpuiel G Gim3ka

K CIJUMHHUIC, TO CXOAUMOCTb OYCHb MCIJICHHA. I[J'IH YCKOPCHUA CXOAUMOCTHU HCIIOJIb-
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3yercst MeTon penakcanuu. CyThb €ro B TOM, YTO MOJYYEHHOE MO METOAY IMPOCTOM
uTepaluuu uin 3enens ouepeIHoe 3HaUeHUE Xik MEePECUUTHIBACTCS 110 (hOpMyIIe
X = oxf + (L—o)x . (7.19)
3nech 0 < ® < 2 — mapaMeTp peliakcaluu.
Ecmn o < 1 — nuorcnsan penaxcayus, ecnu o > 1 — gepxnsas penaxcayus. 1lapa-
METp ® MOAOUPAIOT TaK, YTOOBI CXOJMMOCTh METO/IA TIOCTUTaJach 32 MUHUMAIbHOE

YHUCJIO UTEPALUH.
Cxema anropuTma Ha puc. /.5 BBIIOJHEHA C UCIIOJIb30BAaHUEM PEJTAKCALIUH.

7.5. UnauBUayaJibHbIE 3aJaHUS

CocraButh nporpammy pemenuss CJIAY mnopsiaka N U pelInTb CUCTEMY JIH-
HEWHBIX YPABHEHUM IIATOTO MOPAJIKA C TPEXAUArOHAIIbHOM CUMMETPUYHOW MATPHULIEH
BUJIA

q 1 0 0 O X, 0
1 -2 1 0 O X, d
0 1 -2 1 0|x|X|=|d
o 0 1 21 X, d
0O 0 0 1 ¢ X5 0

3uauenus ( u d 3amgans! B Tadm. 7.1.

B BapuaHTax, UCMONB3YIONINX NPSAMbIE METObI, BBIYUCIUTH HEBA3KY (CM. MOJI-
pasn. 7.1).

B BapuaHTax, UCHOJIB3YIOIIMX UTEPALUOHHBIE METO/BI, IOCTPOUTH TpaduK 3a-
BUCHMOCTH KOJIMUECTBA UTEepanui It, HEOOXOAMMBIX JIJIsl TOCTHXKEHHUSI 3aIaHHOM TOY-
HOCTH, OT IapaMeTpa PeJIaKCaluy ® U YCTAaHOBUTH, IPU KaKOM 3HAYEHHH () YHCIIO
uTepaunii MUHUMaIIbHO. [lapamerp penakcanuu MeHATs 0T 0.2 110 2 ¢ marom 0.2.

Tabnuna 7.1
HHnousuoyanvrvle 3a0anusl.
Homep Memoo d q £
eapuanma
1 MG -1 —4.25 -
2 MI 1 -3.17 1073
3 MQ —2 -3.23 -
4 MZ 2 —2.57 1074
5 MP -3 —4.67 —
6 MI 3 —2.23 1074
7 MG —4 —2.75 -
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Oxonuanue maon. 7.1

Homep Memoo d q £
sapuanma

8 Ml 4 —2.25 1074
9 MQ -5 —2.85 —
10 MZ 5 —2.24 107
11 MP —6 -3.83 —
12 MZ 6 —2.17 1074
13 MG —7 —2.86 -
14 Ml 7 -3.14 1073
15 MQ -8 —4.88 —

7.6. KoHTpOJIbHbIE BONIPOCHI

1. Uro monumaercs nog KoppeKTHOCTh0 CIIAY?
2. Pemre o metony ['aycca 3a1aHHyIO CUCTEMY U3 TPEX YPABHEHHUI.

3. B uem cyTh MeTOAA KBaAPATHOTO KOPHS?

4. Koraa ucnosib3yroTcsi METOABI POTOHKU Y KBAAPATHOTO KOPHS?
5. Pemnre 3a1aHHYIO0 CUCTEMY TPEX YPaBHEHHUN METOAOM IPOCTOM UTEpALUU U
METOIOM 3eMaeis.

6. [Ins yero HyxHa penakcauusi? Ee cyTs.
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JlaboparopHasi padora Ne§. Annpoxkcumanusi PyHKIMH

Lenv pabomsi: W3y4UTHh AITOPUTMBI AMMPOKCUMAMUA (QYHKIIHNNA; OCBOUTH Me-
TOJAUKY MOCTPOEHUS U MCIOIb30BAHUS aIre0panyecKux WHTEPIOISAIUOHHBIX MHOTO-
wieHoB Jlarpanyka n HeroToHa.

8.1. 3apaum annpoxkcuManuu GpyHKUMii

B oxpyxaroleM Hac MHpe BCE B3aMMOCBSI3aHO, MOATOMY YCTAHOBIICHHE Xa-
paKkTepa 3aBUCUMOCTH MEKIY Pa3IMYHBIMM BEIUYMHAMH TO3BOJISCT MO 3HAYCHHIO
OJTHOW BEJIMYUHBI ONPEACIUTh 3HAUCHHE IPYroi. MaTteMaTudeckold MOJICIIbIO 3aBH-
CHUMOCTH OJTHOM BEJIMYUHBI OT Apyrou sisercss pynkuus y=f(X).

B mpakTHke pacueToB, CBS3aHHBIX C O0OpaOOTKOWM SKCIEPUMEHTAIBHBIX JIaH-
HBIX, BeIYHcIcHHEM f(X), pa3paOOTKON BBIYMCIUTEIBHBIX METOJIOB, BCTPEYAKOTCS JIBA
BOIIpOCA:

1. Kak ycranoButh Buj QyHkimu Y=f(X), ecau oHa HemsBecTHa? [Ipeamonara-

€TCsl MPU 3TOM, YTO 3aJaHa TaOJMLa €€ 3HAYCHHI { (Xi, yi), i=1 m } , KoTopas

MOJTy4YeHA JTHOO0 U3 DKCIICPUMEHTATIBHBIX U3MEPEHUH, THOO0 U3 CI0KHBIX PACYCTOB.

2. Kak ympoctuth BhIYHCcIcHHE U3BeCTHON QyHkuuu f(X) mmm ke ee xapakre-
puctuk (f'(x), max f (X)), ecim f(X) cimumkom ciioxxHas?

OTBeTHI Ha 3TH BOMPOCHI TAIOTCS MIPU MOMOIIM TEOPHH aPOKCUMAIINU (HYHK-
U, OCHO6HAA 3a0aua KOTOPOH COCTOUT B HaXOkaAeHUH QyHKIHH Y = @(X), OJU3KOit
(T. €. aNMPOKCUMHPYIOMILH) B HEKOTOPOM HOPMHPOBAHHOM IMPOCTPAHCTBE K MCXOJI-
Hol pyHKIMK Y = f(X). dyHKIHIO ((X) IPH 3TOM BBIOUPAIOT TaKOW, YTOOBI OHA ObLIA
MaKCHUMAJIbHO yIOOHOM ISl OCIEAYIOIUX PACYETOB.

OcHO6HOU NOOX00 K PEIICHUIO YTOM 3a7a4y 3aKJIH0YaeTCs B TOM, YTO ((X) BbI-

Oupaercs 3aBUCSILIECH OT HECKOJIBKUX CBOOOIHBIX Mapamerpos N = (i, fi,, ..., fi,), T. e.
Y =@(X) =o(X,N,Ny,...,A,) =@(X,N), 3HAYECHNU KOTOPBIX MOJOUPAIOTCS U3 HEKOTO-
poro yciosus 6auzoctu f(X) u @(x).

O6ocHOBaHKE CITOCOOOB HAXOXKICHHS YIAYHOTO BUAA (PYHKIIMOHAILHON 3aBU-
cumoctu (X, i) 1 noxdopa nmapameTpoB N COCTaBISET 3a7a4y meopuu annpoKkcu-
Mmayuu ynkuyuil.

B 3aBucumoctn oT crmocoba moabopa mapaMeTpoB 1 MONYYArOT pa3InIHBIC
Memoobl annpokcumayuu, HaAUOOJbIIIee PACTIPOCTPAHCHUE CPEIU HHUX IOJTYyYUIIH
UHMEPNONAYUA N CPEOHEKEAOpamuuHoe npudauiceHue, YaCTHbIM CIydyaeM KOTO-
pOTO SBIIICTCS MEMOO HAUMEHBULUX K8AOPANOG.

Hawubonee mpocToii, XOpoI110 M3yuyeHHOW U HaIIeANIeH MHUPOKOE MPUMEHEHNE
B HACTOSIIIEe BpeMs SIBIIACTCS JIUHEUHAA ANNPOKCUMAYUA, TIPU KOTOPOU BBIOMPAIOT

byskuo @(X, i), TMHEHHO 3aBUCALIYIO OT TapaMeTpoB N, T. €. B BUAE 000011IEHHO-
r'0 MHOTOYJICHA:
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Q(x, 1) =i (X) +...+ F0, () = D@ (X). (8.1)
k=1

3aecs {@y(X), ..., ¢,(X)} — u3BecTHas cucremMa JMHEHHO HE3aBUCUMBIX (Oa-
3UCHBIX) QyHKIMK. B kauecTBe {(pk (X)} MOT'YT OBITh BBIOpAHBI JIIOOBIE 3JIEMEHTAp-

HbIe (QYHKIMH, HApUMEp: TPUTOHOMETPHUYECKUE, SKCIIOHEHTHI, JOTapu(PMUICCKHIC
WM KOMOMHAIMK TakuX (QyHK1ui. BaxkHo, 4TOOBI crucTemMa 6a3ucHBIX (QYyHKIIMMN ObI-
Ja noauou, T. €. odecneunBaroliel anmnpokcumaruio f(X) Maorounenom (8.1) ¢ 3a-
JaHHOW TOYHOCTBIO MPU N —> o0.

[TpuBeneM XOpoIIo U3BECTHBIE W YaCTO MCIONIb3yeMbie cucTeMbl. [Ipu uHTEp-
MOJIAIIAK  OOBIYHO WCIIOJIB3YeTCSl CHUCTEMa JIMHEHWHO HE3aBUCUMBIX (YHKIIUN

{(pk(x):xk_l} . Jg cpenHeKBapaTHYHON ammpoKCHUMAallud ynoO0Hee B KadyecTBE

@ (X) 6pars oproronansHbie Ha nHTepBaie [ —1, 1] MHorowieHs! Jlexkauupa:

{o1(x) =1 9,(X) =% @1 (%) =[ (2K +1)x (x) ~ko 4 (x)], k=23, ., n};

T‘Pk(x)‘q’l(x)dho; k=l

3ametuM, uto ecnu ¢yHkusa f(X) 3amana Ha oTpeske [a, b], To mpu ncmob-
30BaHUM ITOH CHCTEMBI HEOOXOIMMO IMPEIBAPUTEIBHO OCYIIECTBUThH MPEOOpa3oBa-

b+a
HHUE KOOPJIUHAT X' = (X -—— , IpuBoOsIIee nuTepBal a < X <b Kk uHTEpBaITy

2 )b-a
-1<x' <1,
JIiis anmpoKCHMAIUH [TEPHOANYCCKUX (YHKIHUN MCIIONB3YIOT OPTOrOHAIBHYIO
Ha OTpe3Ke [a, b] CUCTEMY TPUTOHOMETPHUYECKUX dyHKITHI

{(pk(x)zcos[Zkﬁ;(;Zj,(pk(x)zsin(2k7z;—_aj} . B aTOM cnyyae 0000mIIEHHBIHM

n
MHOTOWIEH (8.1) 3anuceiBaeTcs B BUE Y = ch(pk (X)) +d oy, (X).
k=1

8.2. CyTh HHTEPNOJISINU

Humepnonayusa sSBISCTCS OAHUM W3 CIIOCOOOB amlmpOKCUMAIUU (yHKITHH.
CyTb ee cocTouT B ciaeayromieM. B o06iacTu 3Ha4eHU# X, IPEACTABIISAIONICH HEKOTO-
peiii mHTEpBan [a, b], rae dynkumu f u @ 70WKHBI OBITH OJIM3KK, BRIOUPAIOT YIIOPSI-
JOYCHHYIO CHCTEMY TOUYEK (Y37I0B) X <X, <...<X, (0003HauuM X=(X, ..., X;)),

YHCJIO KOTOPBIX PaBHO KOJHUYECTBY UCKOMBIX mapamerpos f, i, ... M. [Janee ma-
pameTpsl A ToAOUparOT TakuMu, 4ToObl QyHKIUs @(X,N) coBmanama ¢ f(X) B aThx

y3nmax, ¢(X;, f) = f(x),i=1..,n (puc. 8.1), I 4ero pemaoT NOIYUYCHHYIO CUCTEMY
U3 N anredpanyecKkux B 00IIEM cllydyae HeTMHEHHBIX YpaBHEHUH.
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B cnyuae nuneitHoN anmpokcumarmu (8.1) cuctema st HaXOXKACHHUS KOd(-
¢unreHToB i JTMHEWHa U UMEET CIEAYIOIINA BU:

n
»1 Aoy (%) = i
P Zi o (8.2)
2 i=12 .., n y=f(x)

Cucrema Oa3uCHbIX (DyHKUIHN
' {q)k(x)}, UCTIONB3YEMBIX ISl MHTEP-

MOJISIIUM, OOJDKHA OBITh 4Ye0bllieB-
CKOM, T. €. TaKoW, 4TOOBI OTpEIeITH-
TeJIb MaTPUIIbI CUCTEMBI (8.2) ObLIT OT-
JUYEH OT HYJIA W, CJIeIOBATENIbHO, 3a-
Jaya HHTEPNOJAIMM HMeJla CIuH-
CTBEHHOE pEIIICHHUE.

Jlns GONBIIMHCTBA MPAKTUYECKU BaXKHBIX MPUIIOKEHUN TP HWHTEPIOJISIIUN
HanOosee ya1oO0HbI 0OBIYHBIE aireOpandecKue MHOTOUICHBI, T. K. OHHU JIETKO 00paba-
TBIBAIOTCS.

HumepnonauyuoHHslm MHO20W1eHOM HA3bIBAIOT AITeOpPaMYeCKUl MHOTOUICH
creneHy N — 1, coBnagaromuii ¢ anmipoKCUMUPYEMON (PYHKIMEN B BBIOPAHHBIX N TOUKaX.

OO6uuit BU anredpanyeckoro MHOrowieHa

-
- W

Puc. 8.1

n
Q(X, 7)) =Py (X) =l + X+ figx® +...+ X" =Y a, X7 (8.3)
k=1
Marpuiia cuctemsl (8.2) B 3TOM Ciiydyae UMEET BU]L

1 % . X7
1 %X . X
G= 2 2 b= IT (—*a), (8.4)
e .- n>k>m=>0
1 X, . X7

U €€ OIpeIeTUTENb (3TO ONpeaeTuTe)b BaHIepMOHIa) OTIIMYEH OT HYJIS, €CIIH TOUKH
X; pa3ubie. [ToaTomy 3amada (8.2) UMeEeT eTMHCTBEHHOE pellieHre, T. €. IS 3aJJaHHON
CUCTEMBI Pa3IMYHBIX TOYCK CYIIECTBYET C€IMHCTBEHHBIM WHTECPIOJIAIMOHHBIA MHO-
TOYICH.

Hozpewnocmo annpoxcumayuu Gyakiuu f(X) WHTEPIONSAIMOHHBIM MHOTO-
YJICHOM CTereHH N —1, MOCTPOCHHBIM IO N TOYKaM, MOKHO OIICHHUTb, €CJIH N3BECTHA
¢¢ MPOM3BOJIHAS MOpsaKa N, 1o GopmyIie

& :” f (X) - Pn—l(x)”N < (n —21)7C ‘ diEX) y (gj ’ h= miaX|Xi _Xi—ll' (85)

U3 (8.5) cinenyer, uto npu h—0 nopsaoK MorpenHoCTy P Py HHTEPIIONSAIAN ajl-
re0pandyecKuM MHOTOWIEHOM PaBeH KOJIMYECTBY BBHIOPAHHBIX Y3JI0B P = N. BenuuuHa &
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MOKET OBITh ClIeJlaHa MaJIOW KaK 3a CUeT yBENMUYeHHUs N, TaK u yMeHbineHus N. B mpak-
TUYECKUX pacyeTax HCHOJb3YIOT, KaK IMPaBWJIO, MHOTOUYWIEHbI HEBBICOKOIO MOpSsaKa
(n <6), B cBA3M C TEM, YTO C POCTOM N PE3KO BO3pACTAET IMOTPEIIHOCTh BEIYMCIICHHS Ca-
MOTI'0 MHOTOYJIEHA U3-3a TOTPEITHOCTEN OKPYTIICHHUSL.

8.3. BI/II[bI MHOI04YJIEHOB M CIIOCOObI HHTEPMOJIAIINN

OaMH W TOT ’K€ MHOIOWIEH MOXKHO 3alucaTh I[O-pPa3HOMY, HaIpHUMEp
R(x)=1-2x+ X2 = (X—1)2. [TosTOMy B 3aBUCHMMOCTH OT PEIIAEMBIX 33/1a4 IpUMeE-

HSIOT pa3JInyHble BUABI MPEICTABICHHUS HMHTEPIIOJSIIMIOHHOIO MHOTIOYIEHA M COOT-
BETCTBEHHO CITOCOOBI HHTEPITOJISILIUH.

Hapsany ¢ obmum npencrasienueM (8.3) Hanbosee 4acTo B MPUIOKEHUSIX HC-
MOJIB3YIOT WHTEPIOJSIIIHOHHBIE MHOTOWIEHBI B (hopme Jlarpanxa u Hprotona. Mx
0COOCHHOCTH B TOM, YTO HE HaJ0 HAXOAUTH MapaMeTPhl € , T. K. MHOTOWICHBI B 3TOM

dbopme IpsAMO 3armrcaHbl Yepe3 3HaUCHHS TaOJIUIIBI {(Xi, y;)i=1 .., n} :

Humepnonayuonnwiit mnozounen Horomona (PN)

n-1

N1 () = Yo+ 2 0 = x) (06 = Xp)-. (X = XA - (8.6)
k=

3I[CCB XT — TCKyIlasa TO4YKa, B KOTOpOﬁ HagoO BBIYUCIUTH 3HAYCHHUC MHOI'OYJIC-

Ha; A'l( — pa3zecHHBIC PA3HOCTH MOPsAKa K, KOTOpBIE BBIYHCISIFOTCS IO CIICAYIOIIUM
PEKYpPpPEHTHBIM (hopMyJIaM:

Al=YiTYia gy
Xi — X

, AI—AL,

AF = =1 n-2;
Xi = X2
k-1

MBI k
Xi = Xk

Cxema pacuera MmHOorowieHa HetoTOHa npeicraBieHa Ha puc. 8.2.
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| I
i=1n < i=l,n—k >
| |
A=y, A‘:AI_AH»]
| X~ Xy
| I
p=1 '
| p=p-(xp—x;)
N=y, |
N=N+ pA
@ |
l
PN=N
I
( Buvixoo )
Puc. 8.2

Jluneitnaa (PNL) u keadpamuunaa (PNS) unmepnonayus

Berancienus mo uHTepnosImuonHoN hopMmyie (8.6) st N > 3 HCIONB3YIOT pel-
k0. OOBIYHO TIPU MHTEPHOJALMHU TIO 3aJaHHON Tabmuie u3 M > 3 TOYeK MPUMEHSIOT
KBaJ[paTU4YHYIO N = 3 WM JUHEHHYI0 N = 2 UHTEpHoAuo. B aToM ciayvae mis npu-
OJMKCHHOTO BBIYMCIICHHS 3Ha4YeHHUs QyHKimu f B Touke X HaxomsaT B Tabiuie OJu-
KAWUIIHMHA K 9TOH TOYKeE i-y3e u3 o0IIel TaOIuIbl, CTPOST WHTEPIOJIAIIUOHHBIA MHOTO-
yiieH HproToHa nepBoii Wi BTOPOM CTENEHH 1o (popmyiam

Ni(Xr) = Yig + O —Xi0)=—— iz ha Xig SXr X5 (8.7)
X —Xi g
[yi—l_yi ]_(Yi _yi+1j
X4 — X; X, — X;
N, () = Ny (%) + O = Xi) (% = %) ~—=— RS X SX <Xy
Xi1— Xin
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u 3a 3Hauenue f(X) mpuaumaror N,(X) (runeiinaa unmepnonayus) nma N,(X) (keao-

pamuunasn unmepnonayus). CxeMa pacuera JJisl JUHEHHON U KBaJAPaTUUYHOW HHTEP-
NOJIALIMI MpUBEIeHa Ha puc. §.3.

Bxoo PNL Bxoo PNS

/ X, X, ¥, m / / Xp, X, ¥, m /

PNL=N,(x;) i=i—1
|
PNS = N,(x
X 3a npedenamu 2(37)
—\muﬁwqbl
—

—

X 3a npedenamu

\nmﬁﬁuubz
( Buvixoo ) ~—
( Boixoo )

Puc. 8.3

Humepnonayuonnuwtit mnozounen Jlacpansca (PL)

L0 = v O )i &) = [ . (8.8)
k=1 :j( (X — Xy

MHorouIeHBI eE‘l(X j) BHIOpAHBI TakK, 4TO BO BCEX y3nax, Kpome k-ro, onu 06-

palnaroTcs B HYJb, B K-M y371¢ OHU paBHBI CIUHUIIC:

~ 1npu j=Kk;
e 1(Xj):

[TosTomy u3 BeIpakenus (8.8) BuaHo, uto L, (X)) =Y;.

0,mipu j # K.

Cxema pacdera MHTEPIOJIIIIMOHHOTO MHOTOWICHA JlarpaH»a mpejcraBlicHa Ha
puc. 8.4.
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Hem

Puc. 8.4

Humepnonayusa obuiezo suoa, ucnoib3yrouias npamoe peuieHue cucmembl
(8.2) memooom I'aycca (POG)

Crnenyer OTMETUTh, UTO BBUIY TIPOMO3JIKOCTH MHOTrouwieHsl HptoTona u Jla-
rpaHXka yCcTymnarT 1o 3 (QEeKTUBHOCTH pacueTa MHOTOWIeHY obiero Buaa (8.3), ecnu

MpEeABAPUTENILHO HaiieHbl Ko GUIreHTs M.
[ToaToMy, KoTma TpeOyeTcsl MPOM3BOIUTHL MHOTO BBIYMCIICHHM MHOTOYJICHA,
MMOCTPOEHHOTO TI0 OJTHOM Ta0JIMIle, OKa3bIBACTCS BBHITOJHO BHAYaJIe OJWH pa3 HAWTH

ko3 dunreHTsl N 1 3aTeM uUcnoib3oBath Gopmyny (8.3). Koapdumumentsr 1 Haxo-
JST NPSMBIM penieHueM cucteMbl (8.2) ¢ Marpuuent (8.4), 3aTeéM BBIUUCISAIOT €ro
3HAYEHHUS 110 IKOHOMHO TIporpammupyemont hopmyie (anroput™m ['opuepa)

P (X)=C+Xp (€ + . X7 (Cop + Xp (Cog + 7€) o). (8.9)
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( Bxoo ) C Bxoo POG )
| I
/ faj)aaan / / xT,E,n /

| I

< 1= l: n > P=c,
|

g1 =1 i=n-11,(-1)

| |
l P=pPXr+¢;

< i=ln >— !
| |

< k=2n > POG = p
| l

ik = &ij1Xi C Buixoo )
[
I
MG(G, y,¢, n)
|
( Bbwixo0 )
a o

Puc. 8.5

CxeMa pacyeTra MHTEPHOJSALMOHHOIO MHOTO4WIEHAa OOLIEro BUAa Mo Gpopmyse
(8.9) ¢ mpsambIM pemieHueM cucteMsl (8.2) mpuBeaeHa Ha puc. 8.5.

Humepnonayua ooduiezo euoa, ucnoav3yrwuias pacuem KoIpguuyuenmos
mHuozounena (8.3) uepez mnozounen Jlazpansca (POL)

Haxonute koadduimentst i MHOTOWIEHA (8.3) MOXHO, HE pelas MpsMo CH-
cremy (8.2), a ucnonb3ys pasnoxkenue kodpduimenton Jlarpanxka (8.8):

n
n-1 n-1 n-1 n-1 ,n-1 n-1
k=1
PexyppenTHbie POopMyIIbl 1711 HAX0KACHUS KOIPHUIIMEHTOB afgl_jl:
m _ .m-1 _Xm . m _Am-1 1 .
Y11= T HmuaTHm T (8.11)
Xk = Xm Xk = Xm
m-1 m-1

A ja 8, X :

ayj=—" J T 1<j<m; m=2, .., n-1

, Xk = Xm
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IMOJIY4aroTCsa M3 BHAd MHOTI'OYJICHOB el?_l(X), CCJIM MCIIOJb30BaTh OYCBUIHOC IIPCI-

CTaBJICHHUC

1 X=X
el (x)=eft. ——nm - @0—3z) =1 m=1 2, .., n mzk

k ™ “n+m
Cxema AJIropuTMa BbIYUCICHUA KOB(b(I)I/IHHeHTOB MHOT'OYJICHA 06H1€F0 BHJIa 110

dbopmynam (8.10), (8.11) npeacrasnena Ha puc. 8.6.

C;=C+ag vy,
|

olclch o )

Puc. 8.6

8.4. IloHsiTHE CPEeIHEKBAIPATHYHOM aNNIPOKCUMAIIUN

CyTbh CpeTHEKBaJIpaTUYHOW aIMIPOKCUMAIIUN 3aKJII0YaeTCs B TOM, YTO Tapa-
MeTpsl 1 GyHKIUU (p(X,f: ) noOUParOTCAd TaKUMHU, YTOOBI 00ECTIEUNTh MUHUMYM
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KBaJpara paccrosiHus Mexay Qynkumsvu f(X) 1 @(X,C) B mpocrpanctse L,|a, b],
T. €. U3 YCJIOBUS

min [f)-a(xc)]_ - (8.12)

yeeny Uy

B cnydae nuneitHoit anmpokcumanuu (8.1) 3agava (8.12) cBoguTes K pelie-
Huto CJIAY nns HaxoxaeHus: He0OX0AUMBIX KO3 (GUIIMEeHTOB !

n
> (00, ¢ = (F.0),:i=1...,n. (8.13)
k=1

3nech ((pi(pk )L : ( f, o )L — CKaJIsIpHbIE MTPOU3Be/IeHUs B Lo,

Martpuna cuctemsl (8.13) cumMmeTpuuHasi, U €€ CIeIyeT pemaTbh METOJI0M
KBaJpaTHOTO KOpHsA. OCOOEHHO MPOCTO 3Ta 3ajauya peliaeTcs, eciii BIOpaHa opmo-

20HANbHAA cucmema QYHKyuil {(pk (X)} , T. €. TaKasi, 4To

( ) 0, 1=k
Pi P )= .
T e’ =k
Torna marpuna CJIAY (8.13) nuaronanbHas U mapameTpbl C HaxoIATCs IO

dbopmyie

f, o

Ck = (—2k) '
o]

B sTom ciywae npencrasienue (8.1) HazpiBaeTcsa 0606wenHbviM psidom Dypue,
a C, Ha3bIBAIOTCA KO Puyuenmamu Pypoe.

Memoo naumenvuiux keaopamos (MHK)

MHK siBiisieTcst 4acTHBIM CiTydaem y
CPEIHEKBAAPATUYHON  aNMpPOKCUMAIIHH.
[Tpu wucnonszoBannu MHK B obGnactu
3HAQUEHUM X, MPEICTaBILIIOLIEN HEKOTO-
pbiit uHTEpBan [a, b], rae dynkiwm f u @
JOJIKHBI OBbITh OJIU3KH, BBIOMPAIOT CH-
CTeMYy Pa3IMYHBIX TOYEK (y3JIOB) Xi, ...,
Xm, YHCIIO KOTOPBIX OOBIYHO OOJIBIIIE,
YeM KOJIMYECTBO MCKOMBIX TMapaMeTpoB
C,...,Cyy M 2=nN. Jlanee, norpeboBas,

yTOOBl CymMMa KBaJpaTOB HEBSI30K BO
BCEX  y3gax  ObUla  MHUHUMAaJIbHA

(puc. 8.7):
m m
min > [y; — e(x €)1 =min > 87 = min(c),
] ] ¢
HaxoIuM U3 3TOro YCJIOBI/IH HapaMeTpBI Cl, veny Cn .
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B o6mem ciyuyae 3Ta 3aa4a ciokHas U TpeOyeT NPUMEHEHHUS YUCICHHBIX Me-
To/10B onTuMu3anu. OHAKO B ciyyae JMHEHHOU anmpokcumaryu (8.1), cocraBmuss

YCIIOBUSI MUHUMYMaA CyMMbI KBaJIpaTOB HCBA30K BO BCCX TOYKAX 6(6) (B TOYKEC MU-

HHMYMa BCC YaCTHBIC IIPOU3BOJHBIC JTOJIZKHBI OBITH PaBHBIL Hy.]'IIO):

00(¢c, ¢y, ..., C ]
(e, ¢, “):O,lzl,...,n (8.14)
8ci
MOJIy4aeM CHUCTEMY N JIMHEHHBIX ypaBHEHHH OTHOCUTEIBHO N HEU3BECTHBIX C, ..., ¢,
CJICTYIOIIETO BH/IA:

n
D@ @) = (Y, ¢;), i=Ln nm Gfi=b. (8.15)
k=1

3rech ¢ =(9i(%), 0;j(Xo), s ®;(Xn)), Y=(Y1, -\ Ym) — BEKTOPBI-TaGIHLBI

dyHKImit. DneMenTs MaTpuibl G 1 Bektopa b B (8.15) OmpeaemsoTcs BhIPaKeHIs-
MU

Gik = (@ D) =D 0 (X;)py (X;);
i1

b =(Y, ¢) :Zyj(Pi(Xj)-
j=1

— CKAJLIPHBIC IIPOU3BCACHUA BCKTOPOB.

J

Cucrema (8.15) umeer cumMmeTpuuHyto maTpully G U pemaeTcss METOIOM
KBaJpaTHOTO KOPHSI.

[Tpu anmpoxcumanuu no MHK 00b1YHO IPUMEHSIIOT Takue PYyHKIIUU {(pi (X)},
KOTOPBIE UCIIOJIB3YIOT OCOOEHHOCTH peIlIaeMoM 3a/1aud U YAOOHBI JJIs MOCIEAYOIEn
00paboTKH.

Cxema pacuera kodQduireHTOB MHorowieHa Buaa (8.3) mo Merody
HAMMEHBIIMX KBAJIPAaTOB MNPEACTaBICHA HA puc. 8.8.
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A

<

8ix=8ixt
+(Pi(xj)(|)k(xj)

j=1,m >

b, =b; + ¢ (x‘,' )Y,

MQ(G,b,é,n)

( Boixoo )

Puc. 8.8

[TpuBenem npumep anmpoxkcumaruu no MHK. IIpeamnonoxum, 4to n3BectHa
tabmuia 3uadennii f(X): {x;=1,y1=0.5,x2=2,y,=1.2,%x3=3,y3=0.8}, T.e. m= 3.
TpeOyeTcss HaliTH MapaMeTphl aAMMPOKCUMUPYIOMICH (QYHKITUU (p(X, Ci C2) BHJIA

@=C+Cy-X (N=2).
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CocrapiseM CyMMy KBaJpaToB HEBS30K:
3
. o 2
(M) = (y; —M -1, %) =
i—0

=(0.5—f, —fi, -1)? + (1.2 — A, — A, - 2)* + (0.8 — i, — i, - 3) .
Ycnosus MuaumymMma (8.14):

255 = 2-(05-f~1-fi,)~2- (12— 2- i)~ 2-(0.8— i~ 3-i, ) =O;
My
00 ~ ~ ~ « « ~
pe =—2-(05-f -1-f,)-4-(1.2-f—-2-A,)-6-(0.8—-f —3-f,)=0.
M
[IpuBo/s MOAOOHBIE YIEHBI, IO-
JYy4YUM OKOHYATEIBHO CHUCTEMY JIBYX Y
YPaBHEHUHN C CUMMETPUYHON MaTpULEH
OTHOCHUTEIILHO HEM3BECTHBIX C1 U Cy!
3+ 6f, =2.5;
6, +14f, =5.3.
Pemas ee, naxomum My ~0.53,

n, =0.15.
Ha puc. 8.9 npusenena tabnuna
¢byukuun f(X) u momyuennas mo MHK

byskms ¢(X).

[Topsnok pacuera mo MHK cie-
nytonuid. BHadane mo ucxomHoil Tad-
murie popmupyercs matpuiia G U paccuuThIBaroTCS K03 GuIeHTs (cM. puc. 8.8) (B
kadectBe Qk(X) 31ech Oeperca dyHkuus X<1). 3arem, HcHoONb3ys MOTydeHHbIE KO3()-
(UIIUEHTHI, pACCUYUTHIBACTCS 3HaUeHNE (DYHKIIMHM B ICKOMOM ToYKe (cM. puc. 8.5, 0).

8.5. UnauBuayaIbHbIE 3a1aHUSA

Bo Bcex BapuanTax (Tabia. 8.1.) TpeOyeTcs anmpoKCUMUPOBATH 3aJaHHYIO HC-
xoanyto ¢ynkmnuto f(X) MHOTOWIeHOM Ha MHTEepBate [a, b]. 3agano kKommuecTBO He-
U3BECTHBIX MMapaMeTpoB N, BUJ alllIPOKCUMAIMH U M — KOJIMYECTBO TOYEK, B KOTOPHIX

3ajaHa (ynkuousa. Tabmmma wcexomHoi ¢GyHKimu Yi=f(Xj) BbUMCISCTCS B TOYKaX
Xi=a+({-D({b-a)/(m-1), i=1 m Hcnoms3ys nomyueHHywno Ttabmuiy (X, Y;),
TpeOyeTcss BbIMMCIMTh 3Hauenus  Qymxumii  f(X;), ¢(x;,C) u norpemHocTh
d(x;) = f(x;) —o(x;,€) B Toukax X;=a+(j-1)(b-a)/20; j=1, 21, mocrpouts

rpaduKy ¥ TPOAHATU3UPOBATH KAY€CTBO MOJYICHHON arlMpPOKCUMAIINH.
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Taomuma 8.1

N sap. Dynxyus f(x) a b m n Buo annpoxcumayuu
1 4x —7sin(x) -2 3 11 3 MHK
2 x? —10sin®(x) 0 3 4 Herorona PN
3 In(x) —5cos(x) 1 8 4 Jlarpamxa PL
4 e/ x% —sin3(x) 4 7 4 Oo6wero Buga POG
5 Jx —cos?(x) 5 8 4 O6miero Buma POL
6 In(x) —5sin?(X) 3 6 11 2 JIuneiinas PNL
7 X —5sin?(x) 1 4 11 | 4 MHK
8 sin®(x) —x/5 0 4 11 3 Ksanpatnunas PNS
9 X3 +10x2 -8 | 2 5 5 Hprotona PN
10 | x3_5x? —2 5 ) 5 Jlarpanxxa PL
11 | 3 +6x2—0.02e" -5 3 5 5 Oo6mero Buga POG
12| x% +5c0s(x) -1 | 4 S) 3) Oo6wero Buga POL
13 | sin?(x) —3cos(x) 1 7 11 | 5 MHK
14 | x®-50cos(x) -2 | 5 11 | 3 Kpagparuunas PNS
15 1003 +x*-10sin(x) | 4 | 2 11 2 JInneiinas PNL

8.6. KoHTpoJibHbIE BONPOCHI

1. Yrto Takoe anmpokcumarius?
2. YTo Takoe MHTEPIIOSIHS?

3. Uto Takoe 3KCTpanoasuus?
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JlaGopaTopHuasi pa6ora Ne 9. MeTonbl penieHusi HeJIMHEHbBIX
YPaBHEHHU I

Llenv pabomuwi: U3y4nTh YUCIICHHBIC AaJTOPUTMBI HAXOXKJICHUSI KOpHEW HEIu-
HEUHBIX YPABHCHUH.

9.1. Pemienne HeJIMHEIHBIX YPABHEHUIH

MaremaTtudeckoil MOJENbI0 MHOTUX (PU3MYECKUX TPOIECCOB SIBIsETCS (DYHK-
nuoHanbHass 3aBucuMocth Y = f(X). [loaTomy 3amaum wcciemoBaHHS PAa3TUYHBIX
cBoiicTB pyHkiun f(X) 9acTo BOSHHKAIOT B MHKECHEPHBIX pacderax. OJHON U3 TaKMX
3aj71a4 SIBJIICTCS] HAXOXKJICHUE 3HAUCHHH X, PU KOTOPhIX QyHKnus f(X) oOpamaercs B
HYJIb, T. €. pEIICHUE YPaBHCHHUS

f(x) = 0. (9.1)

TouHOe perieHue yaaercs MOAYYHTh B UCKITFOUUTEIBHBIX CIy4asX, ¥ OOBIYHO
JUTS HAXOXJICHUSI KOPHEW YpaBHEHUS MPUMEHSIOTCS YMCIICHHBIC METOJbI. PermeHue
ypaBaeHust (9.1) mpu STOM OCYIIECTBIISICTCS B JIBa dTara:

1. [TpubmmxeHHOE OIpeIeIeHne MECTOTIONIO0KEHUS, XapaKTep U BHIOOp MHTe-
pECYIOLIETro KOPHS.

2. Beruuciienue BEHIOPAaHHOTO KOPHS € 33JJaHHOM TOYHOCTBIO €.

[lepBas 3amaya pemia-
erca TpaUUecKuM MeTo- /1
JOM: Ha 3aJIaHHOM OTpPE3Ke
[a, b] BeIuncHsICTCS TAGMM-
na 3Ha4eHUH QYHKIUH C
HEKOTOPBIM marom h, cTpo-
uTcs ee rpaduk U ompene-

JSIFOTCSE UHTEPBAJIBI
(o, B;) nmuHOM h, Ha KO-

TOPBIX HAXOAATCS KOPHH.
Ha puc. 9.1 npencraBiieHbl
TpH HanOoJIee YaCTO BCTPEUAIOIIUECS CUTYAIHH:

o *
a) xpatHbIii kopenb: f'(X)=0, f(ay)- f(B;)>0;
o *
0) npoctoii kopens: f'(X,) =0, f(a,)- f(B,)<0;
o *

B) BBIpOXKICHHBIN KopeHb: f'(X;) He cymectByet, f(03): f(B;)>0.

Kak Bumno u3 puc. 9.1, B ciiydasx «a» M «B» 3HAYCHHE KOPHS COBIAAET C
TOYKO# 3KCTpeMyMa (YHKIIMHU, U ISl HAXOXKICHHUSI TAKAX KOPHEH MOYKHO HCIIOJIB30-
BaTh METOIbI MOUCKAa MUHAMYMA (QYHKITHH.

Ha BTOpOM 3Tare BbIYKMCICHUE 3HAYCHUSI KOPHS C 3aJIaHHOW TOYHOCTBIO OCY-

IIIECTBJISACTCS OJHUM M3 UTEPAIIMOHHBIX MeTOI0B. [Ipr 3TOM B COOTBETCTBUU C 0OIIEH
METOJIOJIOTUEH M-1uac06020 umepayuoHno2o memoda (CM. Tonpasa. 8.5) Ha HHTEepBa-

o *
ae (o, B), Tae HAXOAUTCS MHTEPECYIONINI HAC KOPEHb X , BRIOMpACTCs M HavYadbHBIX
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3HAQYEHUH X0, X1, ..., Xm-1 (OGLIqu Xo = o, X1 = ), mocIe 4ero mociaea0BaTeIbHO HaXx0-
ATCs WISHBI (Xm, Xm+1, ..., Xn-1, Xn) PEKYPPEHTHOM TIOCIICIOBATSIBHOCTH NOPSIOKA M TIO
npaBuiay X, =O(X_q, - X_m) AO TEX HOp, MOKA |Xn —Xn_1|<8. [TocnenHee Xp BBI-

OUpaeTcs B KAYeCTBE MPUOIMKEHHOTO 3HaUEHU KOpHS (X & Xp).
MHuoroo6pa3ue MeTO0B ONpeaesieTcss BO3MOXKHOCTBIO OOJBIIOTO BBIOOpA
3HaueHui ¢. Hanbonee yacTo ucmnonbp3yeMble Ha MPaKTUKE METO/IbI OMTUCAHBI Jaliee.

9.2. UTepaumoHHbIe METOAbI YTOUHEHUS KOPHeW

Memoo npocmoit umepavyuu (MI)

OueHp 4JacTo B IIPAKTHUKC BBIYUCJICHUN BCTPCUHACTCA CUTyallusd, KOrda YpaBHC-
Hue (9.1) 3anucaHo B BHjIE, pa3peiIeHHOM OTHOCUTEIIBHO X:
X=0(X). (9.2)
3ameTuM, 4TO mepexoja OT 3amnucu ypaBHeHUs (9.1) Kk SKBUBaJEHTHOU 3amu-
CHu (92) MOXXHO CA€JIaTb MHOTUMHAU CHOCO6aMI/I, HAIIpUMCP, I10JIOKHUB
P(x) =x+y(x) f(x), (9.3)
rae y(X) — nmpou3BoJIbHAS, HEMIPEPBIBHAS, 3HAKOTIOCTOSIHHAS (PYHKIIUS (4acTO JOCTa-

TOYHO BBIOpATh \y=CONSt).

B stom ciiyuae kopuu ypaBaenus (9.2) sapnstotes taxoke kopasamu (9.1) u Hao6o-
pOT.

Ucxons u3 3amucu (9.2) wieHsl peKyppeHTHON MOCIeI0BATEIbHOCTH B METO/IE
IIPOCTOM UTEPALIMU BBIYUCISIOTCS 110 3aKOHY

X =0(X4), k=12,.... (9.4)

Meron sSBASETCS OAHOLIATOBBIM, T. K. IOCIEA0BATENIBHOCTh UMEET NIEPBBIN MO-
psmok (M = 1) u Ui Havyana BBIYUCICHUN TOCTATOYHO 3HATh OJTHO HAYAIIbHOE IPH-
OnMmKeHHe Xy =0, Xy =P, um X, =(a+p)/2.

['eomeTpuueckas WIIIOCTpALUsS CXOAMMOCTH U PACXOIMMOCTH METOAA Ipo-
CTOW UTepalMy MpeAcTaBieHa Ha puc. 9.2, U3 KOTOPOro BUAHO, YTO METOJ] HE BCEr/a
CXOJUTCS K TOYHOMY PELIEHUIO.

y‘\ éj" yl\ /$
{ =o(x) |,
e y=o% Y )
|
———— I |
I |
L L e ©)< e’ ©)>1
I —— I
I N
| L a |
| L1 1 > L0 1] >
Xy X Xye-x* X Xy Xy X XE X
a 0

Puc. 9.2 71



Ycnosuem cxooumocmu metona npocroit ureparmu, eciu ¢(X) auddepen-
[pyeMa, KaK TOKa3bIBaeT aHaIN3 rpauKoB, SIBJISETCS BHIIIOJHEHNE HEPABEHCTBA
9'(€)| <1, must moboro &= (a, B), x*e(a, B). (9.5)

MakcumanbHblii wHTEpBa (O, [), UIS KOTOPOTO BBINOJHACTCS HEPABCH-
ctBo (9.5), HaspIBaeTcs obnacmuio cxooumocmu. I[lpu BeimoaHenuu yciaosus (9.5) me-
TOJ CXOJWTCS, €CIM HadaJbHOE MPUOIMKEHUE Xy BRIOPAHO M3 00JaCTH CXOIWMOCTH.

HpI/I 9TOM CKOpOCHlb cxooumocmu nozpeutHocmu €, =

X — Xk‘ K HYJIXO BOJIHM3U KOPHS

NpUOIU3UTENBHO TaKasl XK€, KaK y TeOMETPUYECKOH MPOrpeccuu g, = g, 10 CO 3HaMe-
HaTeneM ( = |(p’(X*)|, T. €. YeM MEHBbIIIE (, TeM ObICTpee CXOAUMOCTh, M Ha000poT. [1o-
stomy mpu nepexoze ot (9.1) k (9.2) dpyukuuio y(X) B (9.3) BEIOMpAIOT TakK, YTOOBI
BBITIOJTHSJIOCH YCIIOBUE cXO0auMOCTH (9.5) s Kak MOYKHO OoJiblielt 00acTu (a, B) u

C HAaUMEHbIIUM (. Y 1a4Hbli BBIOOp ATUX YCJIOBHM rapaHTHpyeT 3((HEKTUBHOCTH pac-
4yeToB. YacTO MOJOKUTENbHBIE PE3YIbTAThl JAET MIPUMEHEHUE perakcayuu (CM. TIOJ-
paszz. 7.7). Cxema anroputMa METO/1a IMPOCTON UTEepaIiy MpeicTaBieHa Ha puc. 9.3.

Bxoo
C 5% )

/ o, &, it, O(x) /

|
Xy =0
|
it=0
—
it=it+1
|
X =0(xg)

MI = x,
l
< Buixoo )
Puc. 9.3
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Memoo Hviomona (MN)

DTOT MeToA SABJIseTCAs MoaupHKaMed MeTojla MPOCTOW HMTEpalud W 4acTo
Ha3bIBACTCSI METOOM KacaTenbHbIX. Eciin f(X) uMeeT HenmpephIBHYIO TPOM3BOIHYIO,
toraa, BeiOpaB B (9.3) w(X)=-1/f'(X), mosyyaeM SKBHBaJICHTHOE YpaBHCHHEC

Xx=x—T(xX)/ '(xX)=¢p(X), B xoTopom (= ¢'(X*)=0. [TooTOMYy CKOPOCTH CXOIMMO-
CTH PEKYPPEHTHOH MMOCIeI0BaTeILHOCTH MeTo1a HproToHa

F (%)
— o = 0(%) (9.6)
F'(Xc41)

BOJIM3M KOPHSI OYEHB OOJIbIIAsl, MOTPEIIHOCTh OYEPEAHOTO MPUOIIKEHUSI PUMEPHO

X =Xeq —

paBHa KBaJipaTy MOTPEIIHOCTH MPEABIAYILEIO &) = ‘(p"(x*)‘sﬁ_l.

N3 (9.6) BuaAHO, 9YTO ATOT METOM OJ-

Y A _ HomraroBeii (M = 1), u juIsi Hayajga BBI-
y=f) / uypcneHuil  TpeOyercs  3amaTh  OJHO

HaualbHOE NMPHOMIDKEHHE X, U3 obnacmu

KacarelbHbIE cxooumocmu, OIPENEIIeMON HEpaBeH-
/(f')? <1. Merox Hstorona

MOJYy4YMJI TakKe BTOPOE Ha3BaHUE MeHni00
KacamebHblx O51arogaps TeOMETPUISCKOM
WJUTIOCTPALIUM €70 CXOAUMOCTH, MPE/ICTaB-
e »  JeHHOM Ha puc. 9.4. DTOT METOI ITO3BOJISIET
— HaXOJNTh EaK MPOCThIE, TaK U KpaTHBIE
KopHU. OCHOBHOM €ro HEJIOCTATOK — MaJtast
Puc. 94 00J1aCTh CXOOUMOCTH YU HEOOXOAUMOCTD
BBIUKCIICHHS Tpou3BoHOM f'(X).

CTBOM ‘f - f7

Memoo cexywyux (MS)

JlanHbpIii MeTop sBIsIeTCS MoamduKkaiueld Meroga HproToHA, MO3BOJISIOIICH
n30aBUTHCS OT SBHOTO BBIYHMCIICHUS TTPOU3BOJIHON MyTEM €€ 3aMEHBI TPUOINKEHHOM
dbopmynoit (9.2). DTo 3KBHBAJCHTHO TOMY, YTO BMECTO KacaTelnbHOM Ha puc. 9.4
npoBoauTcs cekyias. Toraa BmecTo mporiecca (9.6) moixydaem

f(x,._h
X=X — 3 (x )(_ ';;_2))( " O(Xi1) - (9.7)
k-1 k-1

3nech N — HEKOTOPBIA Maliblii MapaMeTp METOJa, KOTOPBIA MOJOHPACTCS W3
YCIIOBHUSI HanOoJiee TOYHOTO BBIYMCIICHUS MPOU3BOJIHOM (CM. 1abopaTopHyro padboTty
Ne 10).

OnHomaroBelii Metox (M = 1) ¥ ero ycjaoBHUE CXOAMMOCTH IMPH MPABUIBHOM
BeIOOpE h Takoe e, kak y MmeToaa HeroToHa.
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Memoo Bezcmeiina (MV)

DTOT MeTOJ ABISETCS MOAU(UKAIMEH MPEABIYIIETO MEeTo1a CeKyIux. B Hem
npejIaracTcs Mpyu pacdeTe MPUOTMKEHHOTO 3HAYCHHS TPOU3BOTHON TI0 PA3HOCTHOMN
(bopMyse UCHONb30BaTh BMECTO TOUKU X, —N B (9.7) TOUKy X, _,, HOTy4EHHYIO Ha

npeapiaymen nrepamuu (puc. 9.5). Pacaetnas ¢popmyna Mmeroga Bercreitna:
PO = %)

X, =X, _
T () - F (%)

= (X1, X¢_2)-

Meton siBAsieTCSs OBYXIIAroBeiM (M =
2), ¥ JUIsl HaJaJla BBIYUCIICHUN TpeOyeTcs 3a-
JaTh J1BA Ha4ajbHBIX INPHOIKEHUS Xg, X .
Jlyume Bcero Xy =a, X =p (cm. puc. 9.1).
Meton BercreliHa CXOAUTCA MEIJICHHEE Me-
TOAA CEKYIIWX, OJHAKO TpeOyeT B NBa pasza
MEHBIIIEro uncia Beruucienuit f(X) u 3a cuer
ATOTO OKa3bIBaeTcs 0osiee A3 HEKTUBHBIM.

OTOT METOJ WMHOT/Ia HAa3bIBACTCS YIyd-
IIEHHBIM METOJIOM MPOCTOW HUTEpalud U B
MPUMEHEHUU K 3allMCy ypaBHEHUS B (popme
(9.2) umeeT BuJ

X1 = O(Xy_1)

(9.8)

y=fx) /

(9.9)

X = X1 —

1 P(X 1) — 0(X—2)

X1 — X2

Cxema anroputma merojaa Bercreitna npencrasiena Ha puc. 9.6.

Bxoo
MV
/ o, B, & it, F(x) /

Xp=a
X |=B
Yo =1(x)
N :F(x1)
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N—Yo
I
de = ‘xl —]
|
Xp =X
X =z




Memoo napaoon (MP)

[Tpenpiaynme Tpu Metona (HeroTtoHa, cexymmx, Bercreitna) daktruuecku OCHO-

BaHbI Ha TOM, 4TO UcxoaHas (yHkuus f(X) anmpoxcuMupyercs JIMHEHHON 3aBHCHMO-
CTbIO BOJIM3M KOPHS U B KAYECTBE CJICAYIOLIETr0 MpUOIMKEeHUs BEIOMpaeTcst TOUKa mepe-
CEUEHUs aNMmpOKCUMUPYIOLIEH MpsMoi ¢ ochbio adciuce. SICHO, YTO ammpOKCHUMAIIUs
74 OyzeT Jydllie, €CJIM BMECTO JIMHEHHO 3aBU-

, CUMOCTH HCIIOJIb30BaTh KBaJpatnyHyro. Ha

‘y/l 9TOM W OCHOBaH OJIMH W3 CaMbIX 3((HEKTHB-
HBIX METOJIOB — MeTOJI mapadoi. Ero cyTs:
3a/1a10TCs TPU HaYalbHbIE TOYKH X;, Xy, X3

(Hampumep, X =%y +h,
Xo =Xg, %3 =Xy —h), B 3THX TOuKax pac-
CUMTHIBAIOTCSI TPH 3HAYCHHS (DYHKIMH

y="f(X), Yy, Yo, Y3 ¥ CTpOHUTCS UHTEPIIO-
XX  JISLUOHHBIA MHOTOWICH BTOPOIrO IOPSIKA
(puc. 9.7), xoTOpBIii YHOOHO 3amucaTth B

Puc. 9.7 (opme

P, = p(X—Xg)? + (X —X3) +F = pz2 +Qz +T. (9.10)
KoadduimeHTsl 3T0ro MHOTO4WIeHa BEIYUCIISIIOTCS IO popMyiaM

Vi—¥3)Z, — (Y2 — V3)4. q=
212,(2,—75)
[Tonmmuom (9.10) umeeT nBa KOpHS:
[,2
2 _~9%Vq —4pr
U3 KOTOPBIX BRIOUPASTCSI HAMMEHBIIHUH 110 MOYIIO Zym U PACCUUTHIBACTCS CIIEAYIOMIAs
TOYKA X, = X3+ Z,,,, B pe3yJIbTaTe MOJy4daeTcs peKyppeHTHas (opMya MeToa napa-

=¥~ =¥)Z g1y

p =
212,(2, — 1)

oom:
X = X1 + Zm (K1 Xee2r Xia) = O(X1r Xe—2r Xia) - (9.12)
Meron napabon Tpexmarosbiii (M = 3). CKOpOCTh CXOAMMOCTH €ro OOoJIbIIe,
yeMm y MeTona BercreitHa, oHako He nydiie, 4eMm y MeTojia HeroToHa BOJIM3U KOPHSL.
Cxema asiropuT™Ma MeToja mapaboJ1 rpejcTaBiieHa Ha puc. 9.8.
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Bxoo
MP

)

|
/ Xg, h,€,it, I /
|

v =F(x)
Yy =F(x,)
V3 =F(x3)

it=0
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it=it+1

Z1=X X

Zy =Xy T X3

rF=>Xs

d=22,(2, - 2)

p=(V—y3)z; —
—(y, —y3)z)/d

Nolo

Puc. 9.8

Kolo

g =—((y; — ¥ )Z§ -
— (= yy)z)/d

D=\/q2 —4pr

zm; =(—q+D)/2p

zmy =(—q—D)/2p
|

zm = min(|zm,
|

xl - X2

Xy =X3
|

V=X

Vo=V

X3 :.X3 +zm
|
y3 =F(x3)

zm, ’)

b

Hem
()

oa
MP = x,

C Boixoo )




Memoo denenusn ompesxa nonoaam (MD)

Bce BblleonucaHHpie METOIBI MOTYT paboTaTh, eciau GyHkuus f(X) sBisercs
HeMnpepbIBHON U TuddepeHirpyemMoit BOIM3M UCKOMOTO KOpHs. B mpoTuBHOM ciy-
Yyae OHU HE TapaHTUPYIOT MOJyUYeHHUE PEIICHUS.

JI7ist pa3phIBHBIX (YHKIMN, a TAKXKE €CIU He TpeOyeTcs: ObICTpas CXOJUMOCTD,
JUTSL HAXOKJICHUSI NPOCmo20 KOpHs Ha uHTepBaie (, [)) NpUMEHSIOT HaJeKHbIA Me-
TOJ J€JEHMs OTpe3Ka romnoyiaM. Ero aJiropuT™ oCHOBaH Ha MOCTPOEHUHU PEKYPPEHT-
HOM TOCJIEOBATENBHOCTH MO CIEAYIOIIEMY 3aKOHY: B KayeCTBE HAYaJbHOIO IpH-
OJIMKEHUsT BBIOMPAIOTCSl TPAHMIIBI UHTEPBaja, HA KOTOPOM TOYHO UMEETCS OJUH IPOo-

y Xq + X

CTOii KOPEHb Xy =0, ¥ =, JaNee HAXOJUTCS €TO CEPENMHA X, :%; ouepe/-
Hasl TOYKA X3 BBIOMPACTCS KAK CEPEellHA TOTO U3 CMEXKHBIX C X2 HHTEPBAJIOB [Xg, X, |
wi [X,, X |, Ha KOTOPOM HAXOIUTCS KOPeHb. B pesyibrare mosydaercs ciemyro-
1M1 aITOPUTM METO/Ia AEIEHHUS OTPE3Ka HOIMOJIAM:

1. Beruucnsem Yy = f(Xy), 3= f(x).

2. BoranemsteM X, =(Xg +%)/2, Y, = f(X,).

3.Ecmm yy-Y, >0, Torma Xy =X,, Yo=Y, HHAUC X =X,, Y =VYs.

4. Ecin ¥ — Xg > €, TOT/1a TIOBTOPST C IL. 2.

5. Beraucmsiem X*= (X + %)/ 2.

6. Koner.

3a 0JIHO BBIUKCIICEHHE (PYHKIIMU MOTPEIIHOCTh YMEHBIIIACTCS BABOE, T. €. CKO-
POCTh CXOJIMMOCTH HEBEJIHKa, OJTHAKO METOJI YCTOMYHMB K OIIMOKAM OKPYIJICHUS U
BCET A CXOIHUTCS.

9.3. UnauBuaYyaJbHBbIE 32]aHUS

[To cxeme, npuBeneHHOM HA puc. 9.9, 0TIaTUTH MporpaMMy OIpeIeIeHHs BCeX
kopHe#t ¢pynkuuu f(X) B ykazanHoM unHTtepBasie [a, b], ucrmons3oBaTs MeTon B cooT-
BETCTBHUU C MOJTYYCHHBIM BapuaHTOM u3 Tadim. 9.1.

Tabmuma 9.1
Howmep f(x) Humepean Memoo
sapuarnma a b
1 4x —7sin(x) —2 2 Ml
2 x2 —10sin?(x) + 2 -1 3 MN
3 In(x) —5cos(x) 1 8 MS
4 e*/x3 —sin®(x) -2 4 7 MV
5 Jx —cos?(x) -2 4 8 MP
6 In(x) —5sin?(x) 2 6 MD
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Oxonuanue Tadymner 9.1

Howmep f(x) Humepean Memoo
eapuanma
a b

X —5sin?(x) =5 3 9 MI

sin?(x) - x/5-1 —4 0 MN

x3 +10x* —50 —12 5 MS
10 x3 —5x +12 —2 o MV
11 X2 +6x% —0.02¢* —14 —6 2 MP
12 x% +5c0s(x) —3 —4 2 MD
13 sin?(x) —3cos(X) —7 3 M
14 x® —50c0s(X) —4 3 MN
15 0.1x + x* —10sin(x) — 8 —4 4 MS

( Hauano )
|

/ a, b, m

/

h=b-a)/m

©,

/ Bwioop o, B, € /

z=M=x (a, B,
g it, F)

Puc. 9.9

8ce KopHu?

z, it

Ipumeuanue. B Tabn. 9.1 Bce QpyHKIMM HA yKa3aHHOM HHTEpPBAJE UMEIOT TPH

KOPHSL.
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[Tporpamma paboTaer cneayromum o0pa3oM: cHavajaa Ha KpaH BblAaeTcs Tal-
ML 3HAYCHUH (YHKIUM M JeNaeTcs 3alpoc Ha BBOJA HAYAIBHOTO MPHOJIMKECHUS
(3TO MOXeET OBITH O, B WK X0) K TOMY KOPHIO, KOTOPBIA HAJI0 MOJIYYUTh C 3aJlaHHON
TOYHOCTBIO; TIOCJIE TOTO KaK BBEACHBI TpeOyeMble JaHHbIC, UIET OOpalIeHue K Mo
IporpaMMe U 1e4aTh pe3yIbTaToOB.

Pacuer dyHKIMmM, a Takke METO] HAXOXKACHUS KOPHS OPOPMHUTH B BHIE OT-
JeNBHBIX TOANpOorpaMM. BapuaHnT Metona u GyHKIMU B3STh U3 TaOnuIel. BeiOparhb
TounocTh £€=10*, a 3HaYeHnEe M 10 YCMOTPEHUIO.

[Tociie BBITIONTHEHHS PacUYeTOB HApHCOBATh IrpaduK (QYHKINH, a TaKke rpaduk
CXOIMMOCTH X, K YKA3aHHOMY KOPHIO X , JUI YEro IpeayCMOTPETh B MPOLELYPE
HAaXO0XKJEHUSI KOPHS BO3MOXKHOCTb BBIBOJIA 3HaueHuil X, u d, =X, — X, 4.

9.4. KoHTpO/1bHBIE BONIPOCHI

1. Yto Takoe mpocToil KOpeHb?
2. UTto Takoe BBIPOKICHHBINA KOPEHB?
3. Uto oO6beauHseT METOABI MPOCTON uTeparuu, Herotona u Bercreiina?
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JlaGoparopHasi padora Ne 10. AaropuTMbl BIYHCJIEHUSA
NMPOU3BOJHbIX M HHTETPAJIOB

Heﬂb pa60m1;z: N3Y4YUTDb YHUCJICHHBIC aJITOPUTMBI HAXOXKIACHUA 3HAYCHUH IIpo-
HN3BOJHBIX U UHTCI'PAJIOB.

10.1. KpaTkue TeopeTHYecKue CBeAeHHS

b
dopMyibl 711 BeIYUCIIEHUs uHTerpana U :I f (x)dx momydaroT ciemyrommuM
a
obpa3om. O6acTk HHTErpUPOBaHUs [a, b] pa3OuBarOT Ha MaJible OTPE3KH, TOT/Ia 3Ha-
YCHHE MHTETpaIa Mo BCe 00JIaCTH paBHO CyMME MHTETPAJIOB Ha 3TUX OTPE3Kax.
Bre1OuparoT Ha KaxaoM oTpe3ke [Xi, Xi + 1] 1-5 y37I0B ¥ CTPOSIT MHTEPITOJISIIH-
OHHBII MHOTOYIEH COOTBETCTBYIOIIECTO IMOPSIKA. BBIUUCISIOT WHTErpas OT 3TOTO
MHOTOYJICHA, U B PE3yJIbTaTe MOJYYaloT (GOPMYITy YUCICHHOTO HHTCTPUPOBAHHMS Ye-
pe3 3HaYCHHMS MOABIHTErPAaIbHON (DYHKIMKM B BRIOpAHHO# cucTeMe Touek. Takue BbI-
Pa’KE€HUS HA3bIBAIOT K8AOPAMYPHLIMU (hOpMYTIAMU.
PaccmoTpuM HamboJjiee 94acTO HCIOJb3yeMbIe KBaIpaTypHbie (OPMYJIbI IS
paBHbIX oTpe3koB mHo h=(b—a)/m; xi=a+ (i—1)-h; i=1,2,...,m;toe m—
KOJIMYECTBO Pa3OMCHUI OTpe3Ka MHTETPHUPOBAHHMSL.

Dopmyna cpeonux

dopmya CpeHHUX MOTYyYaeTCs, eCIIM Ha KaKIOM I-M OTpPE3Ke B3Th OJHH IICH-
TPaTBHBINA y3€7 X + 172 = (Xi + Xi+1) / 2, COOTBETCTBYIOIINI cepeTMHe OTpe3ka. DyHKIMs Ha
KOKIOM OTPE3KE AalMPOKCUMHUPYETCS] MHOTOUYWIEHOM HYJEBOM CTENEHU (KOHCTAHTOM)
Po(X) = Vi + 12 = f(Xi + 12). 3aMeHsAs TUIOMIAAb KPUBOJUHEHHOW (UTYPHI TIIOMIABIO
NPsIMOYTOJIbHUKA BBICOTOU Yir1p U OCHOBaHHMEM N, monyuum (Hopmyny CpeaHHX
(puc. 10.1):

b m Xi+1 m
[T~ [ Ry()dx=hY Ve =Pp (10.1)
a i=1 x i=1
A
Yir1n2
e N 7
e, g
7NN G50 .
0 a Xi Xiepz2 Xirl o
Puc. 10.1
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Dopmyna mpaneyuii

dopmyiia Tpamenuii mosxydaeTcsi npu annpokcumanuu ¢pynknun f(X) Ha kax-
JIOM OTpe3Ke [Xi, Xi+1] MHTEPHOJSLMOHHBIM MHOTOWIECHOM IIEPBOrO MOPS/Ka, T. €.
IpsIMOH, mpoxosmen uepe3 Touku (X, Vi), (X4, Yiyq). Il1omans kpuBoauHEHHON

¢urypsl 3aMeHseTCS IUIOMIAABI0 TPAleUd C OCHOBAHUSIMH Y;, Y., U BBICOTOH h
(puc. 10.2):

b m Xi+1 m m
YitVYin Yi+ Ym+
[fdx=Y [ ROgdx=hy IRt b Iy Sy =ay, . (102)
a i=1 x i=1 i=2
.\ .
/ fix) .~
7
v 5} .4/
s
o, AT s, Z
:{;/ 7 /{7// %{Z/f///://
7 7
2;’;/ / o % /{///’;’;/ 7 7, ;;’;/ / oy
5 00
X
0 a X Xitl b
Puc. 10.2

Dopmyna Cumncona

dopmyna CumicoHa nojydaeTcs npu ammnpokcumanvu GyHkiuu f(X) Ha kax-
JIOM OTpe3Ke [Xi, Xi+1] MHTEPIOISIIMOHHBIM MHOTOYJICHOM BTOPOTO MOpsiika (mapado-

JOM) C y3maMH X, Xi+1/2, Xi+1. llocie uHTerpupoBaHusi mnapalboibl MOJy4aeM
(puc. 10.3).

b m Xi+1 h.m
JTOOdx =3 [ P ()dx =22 (% + 4Yis0s + Vi) =Pemy - (10.3)
a i=1 x i=1

f/\ /

s

L :

7 //[7 7 %//// /;:'/ - /jj; 7

s s s, A A

777 7

/ ” oy ,/// ’ v /
;:'5 //7 % /i’f;// 7 %
e

0 a X Xivy X b

Puc. 10.3
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[Tocne mpuBeneHus MOJOOHBIX WICHOB MOJlydyaeM Oojee YJOOHBIM ISl Mpo-
IPaAaMMUPOBAaHUS BUL:

h +4 +
Depm = 3 A y1+20'5 Ymad Z‘é(zyno.s +Y;)
i=

Cxema c agmomamuyecKum 8b160p0M waza no 3a0aHHOU MOUYHOCIU

Meton 1. OgauM K3 BapuMaHTOB BBIUMCIICHHUS WHTETpalia ¢ 3aJaHHOW TOYHO-
CTBIO SIBJISICTCSI CIIEAYIOIIUH.

1. 3agaroT mepBOHAYATBLHOE YHCIO MHTEPBAIOB PA30MEHHUS M M BBIYUCIIIOT
npuOIIKEeHHOE 3HaUeHUe UHTerpaia S1 BIOpaHHBIM METO/IOM.

2. Yucno MHTEpBajIoB yABaUBAIOT M = 2M.

3. Beruucastor 3HadueHne naTErpana S2.

4. Ecim |S1 — S2| > € (¢ — 3amanHas morpemHocTs), To S1 = S2, pacder MoBTO-
PSIIOT — IEPEeXOo/ K 1. 2.

5. Eciu |S1 — S2| < g, T. e. 3a1aHHast TOYHOCTD JJOCTUTHYTA, BHITTOJHSIIOT BBIBOJI
pe3ynbTaToB. S2 — HaliIcHHOE 3HAUYE€HHWE WHTETpaia C 3aJaHHON TOYHOCTHIO €, M —
KOJIMYECTBO UHTEPBAJIOB.

Meton 2. Anamus ¢opmyn (10.1), (10.2) u (10.3) mokaspIBacT, 4TO TOYHOE
3HAUYCHHUE WHTErpajia HaXOoAuTCs Mexay 3HaueHusMu Dcp u Drp, IpU I3TOM HUMEET
MECTO COOTHOILIEHUE

(DCI/I = (q)Tp + Z(DCP)/?)

OTO COOTHOIICHHE YaCTO MCHOJB3YETCS JJISi KOHTPOJS MOTPEIIHOCTH BBIUMC-
neHuit. PacyeT HaunHaeTcs ¢ M = 2 ¥ IPOU3BOJIUTCA 10 ABYM METOJIaM, B PE3yJibTaTe
nony4aroT Pcp, Orp. Ecniu [Dcp — Drp| > €, yBenmnuuBaroT M = 2M u pacueT MOBTO-
PSIIOT.

Dopmynwvt I'aycca

[Ipu nmocTpoeHun npeabAymux GopmMysa B Ka4eCTBE Y3J0B UHTEPIOJSAIINO H-
HOT0 MHOTOYJIEHA BBIOMPAIUCH CEPEUHBI U (MJIM) KOHIIBI MHTEpBaJia pa3OUEHMUS.
IIpu »TOM OKa3ayioch, UTO YBEIWUYECHUE KOJUUYECTBA Y3JIOB HE BCErja MPUBOAUT K
YMEHBIIICHUIO TOTPENTHOCTH. 3HAUYUTEIBbHO YBEJIUYUTh TOYHOCTH MOXKHO 3a CYET
YIA4YHOTO PACMOJIOKEHHUS Y3JI0B MOKHO.

Cymwb memoooe I'aycca nopsiika N COCTOUT B TAKOM PacCMoI0KEHUHU N y3J10B
UHTEPIOJISIMOHHOTO0 MHOTOUYJICHA Ha OTPE3Ke [Xi, Xi + 1], TPH KOTOPOM JTOCTHTaeTCs
MUHUMYM TOTPEIIHOCTH K8aOpamypHou Gopmynvl. AHAIU3 MOKa3bIBAET, YTO Y3-
JaMH, YJOBJIETBOPSIONIMMHU TaKOMY YCJIOBHIO, SIBJSIIOTCS HYJIH OPTOTOHAIBHOTO
MHorowieHa Jlexxanapa crenenu N (cMm. moapasa. 8.1).

Hns n = 1 onun y3en A0JDKEH OBbITh BBIOpaH B IIEHTpPE OTpe3Ka, Cle/loBa-
TEJIbHO, METOJ CPEJIHUX SIBJIsieTCS MeToA0M I aycca nepeozo nopsiaka.

st N = 2 y31161 JOJKHBI OBITH BEIOPAHBI CIAEAYIOIUM 00pa3oM:

X2 =X 10 F g .0.5773502692,,
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u cooTBeTcTBYIOMmas popmyna I'aycca émopozo nopsiika UMEET BH]T
b n
[£(0dx = IS 0d) +£ ()],

a 2i5
JIst N = 3 y311b1 BEIOUPAIOTCS CIEAYIOMMUM 00pa3oMm:
X=X 10 Xi=xF g .0.7745966692,,

U cooTBeTCTBYIOMas opmyina I'aycca mpemupe2zo opsiiKa UMEET BUTT

¢ h& 5.4 8. 0. 5., 5
s{f(x)dXNEE(gf(xi)+§f(xi)+§f(xi)).

10.2. ®opmy.ibl YncaeHHOT0 T depeHpoBaHUA

®opmynsl 11 pacdera npoussoanoit d™ f /dx™ B Touke X momywarorcs cie-
ayronmM o0pazoM. bepercs HecKonbko OMM3KUX K X Y3I0B X, Xy, ..., X, (N=mM+1),

HA3bIBAEMBIX WabdaoHom (TOUKa X MOXKET OBbITh OJHHM U3 Y3JI0B). Bhruucnstorcs
3HaueHus Y; = f(X) B y3max maGioHa, CTPOUTCS MHTEPHOJSLUOHHBIM MHOIOYJIEH

HeroToHa (cM. moapas3a. 8.3) u mocie B3SATHS MPOU3BOJHON OT 3TOr0 MHOTOYJICHA
d™P, ;/dx™ momydaercs BbIpaxkeHHe NPUONKEHHOTO 3HAYEHHS POU3BOIHOM
(popmyna yucnenHoro audepeHIUpOBaHKs) Yepe3 3HAueHUd (PYHKIUU B y3iax
mabmona: d"f /dx" ~Ap-d™f /dx" =~ Ap[f]=d"R,_1/dx".

[Ipu n = m + 1 popmyna uynciaenHoro audhepeHIupPOBaHUS HE 3aBUCUT OT I10-
JIOKEHUS TOUKH X BHYTpPHU IIA0JIOHA, T. K. B TOM ClIydae M-s IPOMU3BOHAS OT MOJIH-
HOMa M-# crenienn Pp(X) ecth koHcTanTa. Takue (hopMysibl Ha3BIBAIOT HPOCH e~
Mu popmynamu yvicieHHoro nuddepeHrupoBaHusl.

AHanu3 OLEHKH MOTPEIIHOCTH BEIYMCICHUS TPON3BOTHOMN
max|f ™ (x)

—Ap[f]s—2 — miax|x—xi|£Ch”_m, (10.4)

oe d™f
ax o
h =max|x — X_4|;C =const,n>m+1
MTOKAa3bIBACT, UYTO MOTPEITHOCTh MUHUMAaJIbHA ISl 3HAYEHUS X B ICHTPE MIa0JIOHA H
BO3pacTaeT Ha Kpasx. [loaToMy y3mbl mabiioHa, €ciid 3TO BO3MOYKHO, BBIOUPAIOTCS
CUMMETPHUYHO OTHOCHUTEIIBHO X. 3aMETHM, 4TO HOPsA0K morperrHocty npu h — 0 pa-
BEH N — M > 1, ¥ 179 MOBBIMICHUS TOYHOCTH MOXXHO JIMOO yBEIWYMBATH N, OO
yMeHbIIaTh h (mocneanee 6ojee MpeANnOYTHTEIBHO).
[TpuBeneM HECKOIBKO BaXKHBIX (DOPMYJT ISI pABHOMEPHOTO 111a0JI0HA:

dfzﬁ:/\lz[f(x)]z%;xlgxgxz. (10.5)

dx dx
[Ipocreitmas hopmyna (10.2) umeeT BTOPOIl MOPSAOK MOTPEITHOCTH B LIEHTPE
WHTEpBaJa U MEPBBII MO KpasiM:
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df dP2 3 Yo—Y1 y1_2y2+y3
—~r—~S=AJ[fT(X)[==—=+(2x—X, — X : 10.6
Ota ¢opmyia HWMEET BTOPOH MOPSIOK TOTPENTHOCTH BO BCEM HWHTEpBaJe

Xl <X< X3 N 9aCTO UCIIOJB3YCTCA AJIAA BHITYHUCIICHUA HpOHBBOI[HOﬁ B KpaﬁHHX TOYKax

TaOIHIIBI, TJIE HET BO3MOXKHOCTH BHIOPATh CHMMETPUYHOE PACIIONIOKEHHE Y3JI0B. 3a-
metuM, 9To U3 (10.3) momyuarotcst Tpu BaKkHBIE (OPMYIIBI BTOPOTO MOPSAKA TOYHO-
CTH:

X
df d(X1) A F ()] :_33’1—‘;;’2 Y. (10.8)
X
df (x3) 3 Y1=4Y, +3ys.
—~ 97— A f = 109
2= AJ[ ()] = 22, (109

[l BBIUKMCIIEHNS BTOPOM MPOU3BOJAHON YACTO MCIIOJB3YIOT CIEIYIOUIYIO MPO-
CTeHIIyI0 GopMyIy:
d?f d?R
dx®>  dx?
KOTOpAasi UMEET BTOPOU MOPSIOK NOTPEIIHOCTH B LIEHTPATILHOM TOUKE X».

=A,[f(x)]= y1—2hy22+Y3; X < X< X, (10.10)

10.3. Ilpumep BbINOJIHEHUSI 3a]aHUS

Hanucath W OTIaguTh NOpOrpaMMy BBIYHMCICHHS HWHTErpajia oOT (PYHKIMU
f(x) = 4x — 7sinx Ha unTepBane [ —2, 3] Meromom CUMIICOHA ¢ BHIOOPOM: IO 3ajiaH-
HOMY KOJIMYECTBY pa3OueHuil N u 3amaHHoi TouHocTu €. [lanenb nuamora Oyxaer
UMETh BUJI, TIpecTaBiIeHHbIi Ha puc. 10.4.

Kak u B mnpenpinymux mnpuMmepax, OPHUBEAEM TOJIbKO TEKCThl (PYHKIUM-
00pabOTYMKOB COOTBETCTBYIOIIMX KHOIOK:

typedef double (*type_f)(double);
double fun(double);
double Simps(type_f, double, double, int);

[]-mmmmmmm - Tekct pyukiuu-oopadoTunka kuonku PACYET ------------

double a, b, X, eps, h, Intl, Int2, pogr;
intn, nl;
a = StrToFloat(Editl->Text); b = StrToFloat(Edit2->Text);
eps = StrToFloat(Edit3->Text); n = StrTolnt(Edit4->Text);
h = (b —a)/100; /[ 1l1ar BbIBOJIA MCXOHOM (DYHKIIUN
Chart1->Series[0]->Clear();
for(x=a—h;x<b+h;x+=h)
Chart1->Series[0]->AddXY (x, fun(x));

switch(RadioGroup2->Itemindex) {

case O:
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Memol->Lines->Add('Pacyer mo pasoOuenuto Ha N = " + IntTo-

Str(n));
Intl = Simps(fun,a,b,n);
break;
case 1:
nl=2;
Memol->Lines->Add(*"'Pacuer mo Tounoctu eps™);
Intl = Simps(fun,a,b,nl);
do{
nl*=2;
Int2 = Simps(fun,a,b,nl);
pogr = fabs(Int2-Intl);
Intl = Int2;
} while(pogr > eps);
Memol->Lines->Add("ITpu n =" +IntToStr(nl));
break;
Memol->Lines->Add("3nauenne  uHTerpaza = "+  FloatTo-
StrF(Int1,ffFixed,8,6));

Jammmmememmem e Metoa CHMITCOHA ----================n=nmnmmmmnm

double Simps(type_f f, double a, double b, int n) {
double s = 0,h,x;
h=(b-a)/n;
X =a;
for(inti=1;i<=n;i++) {
s +=1f(x) + 4 * f(x + h/2) + f(x + h);
X +=h;

returns*h/6;

¥
[[--==-mmmmm - [MonpiaTerpanbHas GyHKus f(X) ---------------------
double fun(double x) {

return 4*x — 7*sin(x); // Ha unartepBane [-2, 3] 3nauenue 5.983
ks
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% HaHOML | EHWE 3HAYEHWH MHTErpanos (MeTo CHMNCoHa) - |EI|5|

Mpenensl MHTErpHUpOBAHMA Erifop MeToOa
© paafreHre Ha n n=[20

a= I‘Eﬁ' b= IB«':1 & TOUHOCTL eps eps = [0.001

PacyeT no pastueHyn Ha n= 20 ;I
3HadeHue uHTerpana = 5983075 . . Fpau:bmrlc byHKLp f(lxj .
PacyeT no TOUHOCTH eps ! ! ! ! ! '
Mpun=18 Lo et S h bt AR iy f
3HaueHWe wHTerpana = 5983067 8-: _________ o o o 4 .
44----ee- e Ammmmmme- Amm e T fe - T
24 L Ammmmmme- Amm e e T
Oi--r=-m--- e ERREEEE A R T
s ; ; ; —t }
;I 2 -1 0 1 2 3
Pacuer
Puc. 9.4

10.4. UuauBuayabHbIE 3aJaHUS

HammcaTte 1 0TnaguTe NporpamMmy BBIYMCIEHUS MHTErpaJia YKa3aHHBIM METO-
JIOM JIByMs CIIOCOOaMH — 10 3aIaHHOMY KOJIMYECTBY pa30MEeHUil N U 3aJlaHHON TOY-
HocTH € (Meron 1). Peanu3anuio yka3aHHOTO METOAa O(OPMHUTH OT/ACIBHON (yHKIIH-
el, aAITOPUTM KOTOPOM ONMKcaTh B BUAE OJIOK-CXEMBI.

Taomuma 10.1

Homep Dy fx) a b Memoo 3Hauenue
sapuanma UHMe2PUPOBAHUSL uHmezpana
1 4x —7sin(x) -2 3 Cpenaux 5.983
2 x? —10sin®(x) 0 3 Tpanerii — 6.699
3 In(x) —5¢c0s(x) 1 8 Cumricona 8.896
4 e/ x3 —sin®(x) 4 7 ABromar-meron 2 6.118
5 Jx —cos?(x) 5 8 Taycca 2 6.067
6 In(x) —5sin?(x) 3 6 Taycca 3 —3.367
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Oxkonuanue tadoymner 10.1

Homep Memoo 3Hauenue
gapuanma Pymicyun f(x) 2 UHMe2PUPOBAHUSL | UHmMe2pand
7 X — 5sin?(x) 1 Cpennux 0.100
8 sin?(x)—x/5 0 Tpanertuii 0.153
9 X3 +10x2 -8 Cumrcona 713.3
10 X3 —5x?2 -2 ABTOMar-meron 2 —69.42
11 X3 +6x% —0.02eX -5 Iaycca 2 167.6
12 X2 +5c0s(X) -1 ["aycca 3 22.09
13 sin®(x) —3cos(x) 1 Cpennux 3.533
14 x° —50c0s(x) -2 ABTOMaT-MeTON 2 154.73
15 0.1¢3 + x> —10sin(x) | —4 Cumricona 20.375
16 sin(x)—x/5 0 Tpanertuii 0.153

1. Yro Takoe kBaaparypHas popmyna?

10.5. KoHTpoJibHBbIE BONPOCHI

2. Kakoli U3 onvcaHHBIX B JaHHOH jJabopaTopHOM paboTe METOJ0B JaeT Mak-
CUMAJIbHYIO TOUHOCTb?
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JlaGoparopHasi padora Ne 11. MeToabl HAX0:KI€HUSI MUHMMYMA
(GYHKIIUU OTHOTO ApryMeHTa

Llenv pabomuvi: W3yYUTh YHUCICHHBIE AITOPUTMBI OMNpPEAENICHUS MHUHUMYMa
(GyHKUMIA OAHOTO apryMEHTA.

11.1. IlocTanoBKAa 3aa4u

3amava HaXOXKICHUsSI MUHUMYyMa (DyHKIIUU o fHOM niepeMeHHoM Min f(X) Hepen-
KO BO3HHMKAET B MPAKTHYCCKUX MPHIOKEHHUSIX. Kpome TOro, MHOTHE METOBI pelie-
HUS 337a4d MUHUMH3AIUA (QYHKIHH MHOTHX HEPEMEHHBIX CBOAATCSA K MHOTOKpAT-
HOMY IIOHMCKY OJHOMEPHOro MuHHMyMa. IToaToMy pa3paboTka BCe HOBBIX, OoJjee
3¢ GEKTUBHBIX OJHOMEPHBIX METOJOB ONTHMH3ALMU IPOJOJDKACTCS M ceddac, He-
CMOTPS Ha Ka)KyIIyIOCs IPOCTOTY 3a1auHu.

Hawnbosee 4acTo MCIOIb3yeMbIE€ METOIBI MOSKHO Pa30MTh Ha JBa Kiacca:

1) memoovl ymounenusi munumyma na 3aoannom unmepsaie [a, b] (meron me-
JICHHS TIOTTI0JIaM, METO/T 30JI0TOTO CEUYCHH);

2) Memoobl CNycKa K MUHUMYM) W3 HEKOTOPOHW HAdaJbHOM TOYKH Xo (METOA
MOCJICIOBATEIBHOTO Iepedopa, METO KBapaTUYHOM MapadoIibl, METO | KyOHMUYECKOU
napaboJibl).

MeToabl U3 kjaacca 1 npeaHazHAYCHBI IS HAXOXKICHUS YCI0BHO20 MUHUMY-
Mma. 3ajada CTaBUTCSA CIIETYIOIMM 00pa3oM: TpeOyeTcs HalTh Takoe 3HAueHHe X U3

orpeska [a, b], npu kotopom nocturaerca munumym Gynkuuu y = f(x ), T. e. nnsa
moboro X €[a, b] Bemonnsercs yciaosue Y, < f(X).

MeToabl U3 KJacca 2 npeHA3HAYCHBI [T IOMCKA M YTOYHECHUS O€3)CI06H020
JIOKQJIbHO20 MUHUMYMA. 3a]ja4a CTAaBUTCS CIEIYIONMM 00pa3om: TpeOyeTcs HalTH Ta-
KO€ 3HauYeHHe X, |xm| <00, TIPU KOTOPOM JOCTHTAeTCsl JIOKAIBHBIH MUHUMYM

Ym = f(X,), T. €. wns moboro X U3 HeKOTOpoil € okpecTHocTH E ={X, ‘X—Xm‘ <s}

BBIIOJHSAETCS Y < f(X). B 3TOM ciryuae nmpu HaXOXIEHHN TOUKH X, OOBIYHO HET J0-

CTaTOYHO TOYHOU MH(MOPMAIIMH O €€ MOJIOKEHUH, 00JIee TOT0, JIOKAITBHBIX MUHUMYMOB
MOXKET OBITh HECKOJIbKO. [1o3TOMYy M3 cooOpakeHHI (hHU3MUECKOTO XapakTepa 3adaroT
HEKOTOPOE HaudaJIbHOE MPUOJIMKEHHUE Xg, C KOTOPOrO HAUYMHAIOT CIIYCK K TOUYKE MUHU-
MyMa.

Haxoxnenue TpeObyemoro MunnuMyma (GyHKIIMHA OCYIIIECTBIISICTCS B JIBa dTarla.

1. IlpubnmxeHHOE OMpEIeeHUE MECTOIONIOKEHUS MUHUMyMa W3 aHaln3a
TaOIUIIBI 3HAYCHUHA (PYHKITUH.

2. BpiuncneHre TOYKM MUHUMyMa Xm C 3aJIJaHHOM TOYHOCTBIO OJHUM U3 Clie-
TYIOIIMX METOJIOB: METOJI JICJICHUS OTPE3Ka IOI0JIaM, METOJT 30JI0TOTO CEUCHHUS, Me-
TOJ TIOCJIEIOBATEIHLHOTO TIepedbopa, MEeTO1 KBaJApaTUIHOU napabosibl, METO ] KyOude-
CKOM TapaboJIbl.
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11.2. MeToabl ONTHMHU3ALINHA

Memoo oenenus ompeska nonoaam (MDP)

3amaetcs uHTepBal [, B] U MOrpenIHOCTh €. Boruncnsiores 3HaueHus QyHK-
IIUM B JIBYX TOYKax BOJM3M CEpeAMHBbI MHTEPBAJa U OTOPACHIBACTCS Ta YacTh UHTEP-
BaJia, KOTOpasi COAEPXKUT TOUKY C OOJBIIUM 3HaueHHeM ¢yHkuuu. Pacuetr mpoucxo-
JTUT 70 TeX TOp, MOKa JJWHA WHTEpBaJla HE CTAHET MEHbIIE 3aJlaHHOW MOTPEIIHO-
ctu €. Cxema aiiropuTMma npejcTasiieHa Ha puc. 11.1.

B cpennem 3a o1HO BeIYMCIEHHE PYHKIUU OTPE30K, HA KOTOPOM HAXOAUTCH X,
yMeHbIlaeTcss npuMepHo B 1.33 paza. DTOT METOJ MPOCT B pealin3aliy, MO3BOJISIET
HAXOJIUTh MHUHHMYM pa3pbIBHOW (YHKIMH, OJHAKO TpeOyeT OOJBIIOr0 YHCIa BbI-
quciaeHnd GYHKIUU A7 00ecriedeHus 3aJaHHOi TOYHOCTH.

Bxoo
MDP

/ o, B, e, F /

N

X, :((x+IB—£)/2

x1=(a+IB+8)/2
" =1!"(x1)
Y2_1|D(x2)

Hem oa

Hem

(B-a)<2e

oa
MDP =(a.+B)/2
|

( Buixoo )

Puc. 11.1
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Memoo 30nomozo ceuenus (MZS)

30J10TOE ceueHre — 3TO TaKoe JIeJIeHne oTpe3ka [o, B] Ha JBe HepaBHbIE YACTU
[o, X] u [X, B], mpE KOTOPOM MMEET MECTO CJICIYIOIIEEe COOTHOIIICHHUE:

xBlop=ax/xp=1-¢, &=2/(3+/5)=0.381966011.

x, P

Puc. 11.2

AJITOPUTM NOMCKA MMUHUMYyMa aHa-
JIOTHYEH BblieonucanHHoMy MDP u otiu-
4aeTcs TEM, YTO BHAYAJIE TOYKU X1 U X2
BBIOUPAIOTCS TakK, YTOOBI BBIMOIHSIIOCH
30JI0TO€ OTHOIIEHWE, W BBIYUCISAIOTCSA
3HaUYEHUS (PYHKIUU B ITHUX TOUKAX.

3aTeM, MOCJI€ OYEepPEeTHOIr0 COKpa-
HICHUS MHTEpBaja MyTeM OTOpachIBaHUS
HEOJaronpusaTHOM KpaWHeW TOYKM Ha
OCTaBILEMCSI Ompe3Ke yice UMeemcs moi-
Ka, oenawas e2o 8 30J10MOM OMHOULeHUU

(Touka X1 Ha puc. 11.2), U3BeCTHO U 3Ha-
yeHue (yHKUUMU B 3TOM Touke. OcTaercs

JUIIb BBIOPAaTh CUMMETPUYHYIO (PDYHKIMIO M BBIYHCIUTH €€ 3HAYEHUE B 3TOM TOUKE
JUISL TOTO, YTOOBI PEIINTh, KaKyl0 U3 KpallHUX ToueK oTOpocuTh. Cxema ajaropurma

npejcTaBieHa Ha puc. 11.3.

Bxoo
MZS

/ o, B e F /

§=0.38|1966011

N=u +|§([3 —-a)

X =p -li(B—a)
M :J”(xi)
V2 :Il*ﬁ()fg)

®
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P=x, a=x
| I
X, =X X =X
| |
Ya=Mn N =»
| 1
X =a+EB-a) % =B-£(B-a)
| [
n=F(x) ya =F(x;)
Hem B-a)<e

oa
MZS =(a+p)/2

Puc. 11.3




3a 01HO BBIYMCICHUE QYHKIHMH OTPE30K, HA KOTOPOM HaXOIMTCSA X, YMECHb-

maetrcs B 1 — § = 1.61 paza, 1. e. OpicTpee yem MDP. [lanHbIil MeTON SBISETCS
HAWIYYIIUM CPeU METOOB Kiiacca 1.

Memoo nocnedosamenvnozo nepeoopa (MPP)

Wnes 5TOro MeToAa COCTOMT B TOM, YTO, CITyCKasiCh U3 TOUKU Xg C 3aJlaHHBIM
maroM h B HampaBiieHHMH YMEHBIICHUs (YHKIUH, YCTAHABINBAIOT WHTEPBAJ JITHHOM
h, Ha KOTOPOM HAaXOAMTCS MUHHMYM, M 3aT€M €r0 yTOYHSIOT. Y TOUHCHHE MOXKHO
OCYIIECTBUTH JTUOO METOAOM 30JI0TOTO CEYEHUS, JIMOO MOBTOPSSI CIIYCK U3 MOCIE-
HEll TOYKH, YMEHBIIUB IIIar U MU3MEHHUB €r0 3HAK. AJITOPUTM TMOCIEAHETO BapHaHTa
npuBezeH Ha puc. 11.4.

CKOpOCTb CXOAMMOCTH JAHHOI'O METOJa CYLIECTBEHHO 3aBUCUT OT YJauHOTO
BHIOOpA HAYAIBHOTO MPHOIIKEHHs Xo ¥ mara h. Ilar h ciexyer BeiOupaTh Kak moso-
BUHY OIIEHKU PACCTOSHUS OT Xo JI0 MPEAINOoIaraeMoro MUHUMyMa Xm.

& ) @ 9 ©

|
/ Xy, h, e, F / v =F(x))
| Hem
X =Xy
| da
ylzp(xl) h:—]’l/4
X ;xl
Yo =N Hem
X=X+ h da
MPP = x,

@&5 |

Puc. 11.4
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Memoo keadpamuunoit napabonvt (MP2)

JI1st ycKOpeHHsl CIyCKa K MUHUMYMY M3 HEKOTOPOM TOYKHU Xo MCHOJIB3YIOT JIO-
KallbHbIEe CBOMCTBA (DYyHKIMHM BOJM3M 3TOM TOYKU. Tak, CKOPOCTb W HalpaBlieHUE
yOBbIBaHUSI MOXHO ONPEIETUTh MO BEIWYMHE U 3HAKYy MEepBOM MpOu3BOHON. BTopas
MPOM3BOIHAS XapaKTepU3yeT HalpaBiieHHe BoIMykiocTu: eciau f* > 0, To dyHKms
MMEET BBIMYKIIOCTh BHU3, HHAUYe — BBepX. BOMM3M n0KanbHOr0 0€3yCiI0BHOTO MUHH-
MyMma ABaxabl Tuddepennrpyemast PyHKIUS BCerja UMEET BBITYKIOCTh BHM3. [lo-
ATOMY, €CITi BOJM3HW TOYKH MUHUMYyMa (PYHKITHIO allpOKCUMHUPOBATh KBaIPATUIHON
napaboioii, To oHa OyleT UMETh MUHUMYM. JTO CBOWCTBO U UCIOJIB3YETCS B METO/IE
KBaIpaTHYHOM Mapaboibl, CyTh KOTOPOTO B CIETYIOIIEM.

BOnu3u Touku Xo BRIOMPAIOTCA TPU TOUYKH X1, X2, X3. BBIUMCISIIOTCS 3HAUYECHUS
Y1, Y2, Y3. Uepes 3T TOUKM IPOBOAUTCS KBaJpaTU4Has napadosa:

P(X—Xg)? +q(X—X3) + T = pz° +qz+T;
Z=X—Xg,Z1 =X —Xg; Zy =Xy — Xg; I = Y3; (11.1)
1=Y)Z =0 =¥)a. o (h=¥2)Z (V2= Va7

425(2 = 7,) 425(2, —2)

Ecnu p>0, To mapabona umeer MUHUMYM B Touke Z, =—(Q/(2p). Cnenosa-

p:

TEJIbHO, MOXHO AaNMpOKCUMHPOBATH IMOJIOKEHUE MUHUMyMa (YHKUUUA 3HAYEHHEM
Xy = X3 +Z;, W, €CIIM TOYHOCTb HE JOCTUTHYTA, CIEAYIOIIUH CIyCK IPOHM3BOJMTH,

UCIIOJIB3Ysl DTy HOBYIO TOUKY M JAB€ Npeasiayiue. Ilomydaercs mocae10BaTebHOCTh
Xois Xm2s Xmgs - » CXOIAIIAACA K TOYKE X, .

JlaHHBIA METOJl CXOAMUTCS OYEHb OBICTPO U SIBISETCS OJHUM U3 HAWITYUIIUX
MeTOoJI0B crnycka. CieayeT OTMETHTh, OJHAKO, YTO BOJIM3M MUHMMYMa pacueT o
MPUBEICHHBIM 371eCh (opMyJiaM Jisl P U (| IPUBOJUT K HAKOTUICHUIO TOTPEUTHOCTH
13-3a MMOTepH 3HAYAIMX UGp MPU BIUUTAaHUH OJM3KuX uncell. [loaroMy pa3Hbie aB-
TOPBI MpEJJIaraloT CBOM 3KBHBAJICHTHBIC (DOPMYJIBI, CUET TI0 KOTOPHIM 00JIee YCTOM-
yuB. Kpome TOro, B ajroputrm BHOCSTCS HEKOTOPBIC IONPABKH, ITO3BOJISIOIINE
MPElyCMOTPETh pPa3IMuHble HENPHUSATHBIC CUTyalldd — IEPENOJIHCHUE, JCICHUE Ha
HYJIb, YXOJ OT KopHs. CxeMa anropuTMa npejcranieHa Ha puc. 11.5.

ml:
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(fffﬁﬁ)@

/ Xo, €, F / q=((y1—y3)222—

| (v =392/

_ (2125(2y — 7))
X\ =xy—h |
X2 =X
Xy=Xx,+h zm=-q/(2p)
| |
i =F(x) =N
Y2 =F(x;) 2
vy =F(x;) |
N=
Y2=0s

X3 =x3+zm

Hauanvroe nputinu-

Hcene 8bloOpano Z =X — X |
HENPABUILHO Zy =X, — X 3 = F(x;)
|
p=((y—y3)z, -
( Buixoo ) —(v, = y3)z7)/ Hem
(z2,(z; — 2,)) a
MP2 =x;+zm
|
@ e C Boixoo )
Puc. 11.5

Memoo kyouueckou napaoonvt (MP3)

JlaHHBIA METOJ| aHAJIOTHYCH MPEIbIIYIIEMY, HO 3a CYET MCIOJb30BaHUS all-
MPOKCUMAITMN KyOMYEeCKOW IMmapaboiioii mmeeT 0ojee BBICOKYIO CXOJUMOCTb, eciu
@dyHKYUs donyckaem npocmoe 8vblyucieHue npoussoonol. 1lpu ero ucroab30BaHUH
BOJIM3M TOYKH Xo BBHIOMPAIOTCS JIBE TOYKU X1 M X2 (OOBIYHO X; = Xp), BBIYUCIISIOTCS
3HaueHus QyHKIUHK Y1, Yo U ee npousBogHoi Dy = f'(X), D, = f'(x,). 3arem uepes
9TH TOYKHU MPOBOJUTCS KyOuueckas mapabosa, KodhOUIIMEHThl KOTOPOW omnpesaens-
IOTCS TaKUM 00pa3oM, 4YTOOBI COBIIAJIaJId 3HAYCHUS TMPOW3BOJHBIX IMapadoibl H
GyHKUIMH:

P(X = %)% +q(X = X,)2 + (X —X,) =S = pz° + qz° + 1z + 5= P(2);
P(X2) = Yo; P'(X;) = Dy; P(z1) = ¥1; P'() = Dy.
Kak netpyano yo0enutbcs, ko3hdUIMEHTH MapaloJibl BIYUCISIOTCS IO Clie-
TYIOIUM (GpopMyJiaM:
s=y, r=>0;
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p=D-D, -2y, -y, - D, 7))/ z))z;

q=(Dy, —-D;+3(y, -y, —Dy-2;)/ 7))/ z,.

I/IBBGCTHO, qTo KY6I/ILI€CK.':UI napa60na HMCCT MUHHUMYM B TOYKC

2, =(—q++9°—3pr)/3p.

[ToaTomMy mpuUOIMIKEHHOE TMOJIOKEHHE MHUHHUMYMa MOXHO MOJIy4dUTh MO (op-
Mylle X4 =X, +Z,, ¥, €CIIM TOYHOCTb HE JOCTUIHYTa, CIEAYIOIIUN CIIyCK CIEIyeT

IPOU3BOAMTH YK€ U3 TOYEK X,, X, (TOdka X1 oTOpaceiBaeTcs). Ecin monkopeHHOE
BBIPAKECHHUE OKAKETCS OTPHIIATEIBHBIM, TO CITYCK CJIEAYyeT IMPOU3BOJUTH 10 TOUYKU
nepernba napabonsl Z,, =—0/3p. Cuenyer Takke yOeAHUTbCS, YTO B HayaabHOI

D,-D,
———=>0. Cxema ainropuT™Ma TIpeACTaBICHa Ha

Xo =X

Bxoo
CEO O
/ x, & h, F,F' / q=(dy—d; +3(y -
| ~¥y—dy7)/ 7))z

TOYKe (PyHKIMS BOTHYTAa BHHU3

puc. 11.6.

dy=F'(x)) |
r=d,
Hem |
_ —61+\}q2 —3pr
oa zZm = T
h=-h [
xl = x2
T Y =Va
X, =x+h d =d,
[ |
dZ =F’(x2) X2=x2+zm
|
0 Ya= F(xz)
| Hem d, —dy)/h> |
Hauanvnoe npuénu- oa dz _ F'(xz)
JHcenle 8blOPAHO -
HENpaguIbHO | _ ? Exl)
¥, =F(x,)
44 Hem @
( Brixoo > | 5a
MP3 = X, +zm
p=(d—d,=2(y - |

—yy —dyz))/ 2)) 2}
( Boixoo )

» O

Puc. 11.6
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Crnemgyer OTMETHTh, YTO BOJM3M TOYKM MUHUMYyMa pacyeT MO MPUBEICHHBIM
371ech npocTermmnm Ghopmysam Juis P, § HE BCEra yCTOMYMB U3-3a OIUOOK OKpYTJie-
HUS1, IOATOMY pa3JIMYHbIe aBTOPHI PEKOMEHIYIOT UCII0JIb30BaTh HECKOJIBKO TIpeodpa-
30BaHHbIC (HOPMYIIBI.

11.3. UnauBuayaJdbHbIE 3aJaHUSA

B cooTtBercTBUU ¢ mM300pakeHHOU Ha puc. 11.7 cxeMoi TpeOyercsl OTIaauTh
IporpamMmy OIpeeIeHUs] MUHUMYMa YKa3aHHOM B Tabiuile (PyHKIMU 3aJaHHBIM Me-
TOZOM.

( HaTaJLo >
/ a,b,m, e / @

|
Buibop x4, h
h: =(b—-a)/m (wnu o, B)
| |
X=a z=Fun(x,h,¢,F)
> (unu
z=Fun(ao,p,g,F)
y=r(x) |
| 2 /)
X,y
X/ o Feo
MUHUMYMBL?
X=x+h,
Hem ( Bovixod )
da

Puc. 11.7

Chavayia Ha dKpaHe BBIBECTH TaOJUIly 3HAYCHUW (PYHKIMHU U ClIeNIaTh 3apocC

Ha BBOJ| HA4aJbHOro MpuOmmkeHus (o, B wiu Xo, h) A1 BeIYMCIEHUS TPeOyeMoro
JIOKaIhbHOTO MUHUMYMa. B kadectBe QyHKImu FUN BCTonb30BaTh METOJ B COOTBET-
CTBUHU C 3aJ]aHHBIM BapuaHTOM. PacyeT GyHKIMHU, a TakKe METOJl HaXOXKJICHUS MHU-
HUMyMa O(OPMHUTH B BHUJIE€ OTACIBHBIX MOANporpamm. Beibpate M u € mo ycMoTpe-
Huto. Bee dynkiuu u3 1abn. 11.1 Ha yka3aHHOM MHTEpBaje UMEIOT TPU JOKATbHBIX
MUHHMYMa.
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[Toce BBIMOTHEHUS! PACUYETOB MOCTPOUTH TpaduK UcciaemyeMoil (QyHKIUU U
POAHAIN3UPOBATH 3aBUCUMOCTh KoMdecTsa urepanuii o € (=102, £=1073, £=10"%,
£=107), a1 4Ero BCTPOMUTH B AITOPUTM CUETUMK KOJIUYECTBA BEIYHUCICHUH (DYHKIIUH.

Tabmuna 11.1

Homep Munumusupyemasn ¢yuxyus f(x) HUnmepesan Memoo
sapuanma. a b
1 X — 7sin%(x) -3 6 MDP
2 xsin(x) —10sin?(x) -6 3 MZS
3 In(x) —5cos?(x) 2 11 MPP
4 e* / x*> —30c0s(x) 0.2 12 MP2
5 Jx —cos(x) 4 20 MP3
6 In?(x) —10cos?(x) 2 10 MDP
! X —5sin%(x) 1 9 MZS
8 20x - sin%(x) — X2 -9 -1 MPP
9 x? —100sin(x) —6 10 MP2
10 20x° - sin(x) —6 6 MP3
11 | sin®*(x) = In(x) 2 11 MDP
12 | sin?(x) +cos(x) —4 4 MZS
13 x? — 4x-sin(x) +cos(x) —4 9 MPP
14 X2 - cos(X) + 2sin(x) 8 24 MP2
15 X-€0s(X) — X 2 18 MP3

11.4. KoHTpOJIbHBIE BONIPOCHI

1. YUTo Takoe yCIIOBHBIN U TIOKAJIbHBIA MUHUMYMBI, B YEM UX OTINYHE?

2. B uem cyTh MeTO/1a TTOCIeI0BaTENHLHOTO Tiepedopa?

3. OObsicHuTe Tpaduuecku, MOUYeMy METO]I 30J0TOro ceueHus: rhdexTuBHEe
MeETOoJ1a ASJIEHUS nonoJjiam?

4. JlaiiTe T€OMETPUUECKYI0 MHTEPIPETAIMIO METOJAO0B KBaJIpaTUYHOU U KyOu-
4eCcKoM mapadou.
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JlaboparopHasi padora Nel?2. Pemenue 3agaun Komu auist
00BIKHOBEHHBIX JU(PPepeHunATbHBIX YPABHEHUH

Ueﬂb pa607’l’Zbl: N3Y4YUTDb YHUCJICHHBIC aJITOPUTMBbI PCIINCHUA 3a1a9U Komm.

12.1. Tunbl 3a7a4 AJ151 00bIKHOBEHHBIX JU( epeHIIHATbHBIX YPABHEHUI

OObIkHOBEHHBIMU U PepeHIInaTbHBIMU YPaBHEHUSIMU MOYKHO OMHCATh MOBE-
JIEHUE CHCTEMbl B3aWMOJECHCTBYIOUIMX YaCTHUI[ BO BHEIIHHMX IOJSAX, IPOLECCH B
AIIEKTPUYECKUX LEISIX, 3aKOHOMEPHOCTH XMMUYECKOM KUHETUKHM M MHOTHE JIPYTHE
apiieHus. [loaToMy pemeHue 0ObIKHOBEHHBIX AU depeHIInaIbHbIX YpaBHEHUN 3aHU-
MaeT OJHO W3 BOXXHEWMIHMX MECT CpPeAH NMPUKIAAHBIX 3a7ad (PU3UKU, DJICKTPOHUKH,
XUMUU U TEXHUKHU.

KoHkpeTHasi mpukiiagHas 3ajadya MOXKET NPUBOJIUTH K AU depeHIInaIbHOMY
YPaBHEHHUIO JII0O0TO MOpsJIKa WK K CUCTEME TaKUX ypaBHeHUH. V3BecTHO, 4TO mpo-
U3BOJIBHYIO cUCTEMY AU(depeHlInaIbHbIX YPaBHEHUH JH000r0 Mopsiika MOKHO IpH-
BECTH K HEKOTOPOM 3KBHBAJICHTHOM CHCTEME ypaBHEHUM mepBoro nopsaka. Cpenu
TaKUX CUCTEM BBIJEIHMM KJIACC CUCTEM, Pa3pElICHHBIX OTHOCHTEIBHO MPOU3BOIHOU
HEU3BECTHBIX (DYHKIUI:

du, (x)
—===f (X, U, ..., Up),
dx 1( 1 m)
................. (12.1)
du. (x)
St £, Uy e Uy
OOBIgHO TpeOyeTcs HAWTH PENICHUE CHCTEMBI U(X):{ul(x), ey Upy (X)} TUTST

3HAYCHUH X U3 33JJaHHOTO MHTEpBajia a < X <D.
N3BecTHO, uTo cuctema (12.1) numeeT 6€CKOHEUHOE MHOXKECTBO PEIICHUM, Ce-
MEHCTBO KOTOPBIX B OOLIEM Ciy4yae 3aBHUCUT OT M MPOU3BOJIBHBIX MapaMeTpoB

~

n= {ﬁl, ey Cm} ¥ MOJXKET OBITh 3amucano B Bujae U =U(X, C). [l onpesaeienus 3Ha-

YEHUN 3TUX MapaMeTpoB, T. €. JJISI BBIAEICHUS OJHOTO HYKHOTO PEUICHHS, HAI0
HAJIOXKUTh JOTIOJHUTEIHHO M ycoBUi Ha QyHKIMU U = {ul, um} . B 3aBucumoctu

OT c1oco0a MOCTaHOBKH JIOTIOJIHUTENBHBIX YCIOBHM MOKHO BBIJICIIUTD JIBA OCHOBHBIX
THUIIA 3a]1a4, HanboJee YacTo BCTPEUAIOIINXCS HA TTPAKTHUKE:
1) Kkpaesasa (zpanuunas) 3adaua, KOoraa 4acTh YCIOBUI 3aJacTCS HAa IPaHUIC
a (pu X = @), ocTajbHbIC YCIOBHS — Ha rpanuiie b (mpu X = b); 06pruHO 310
3HAYEHUSI UCKOMBIX (PYHKIIUM U X MPOU3BOJIHBIX HA TPAHUIIAX;
2) 3a0aua Kowu (3a0aua ¢ nauanvHslmu yciosusmu), KOrjua BCe yCIOBHUS
3a/1aHbl B HA4YaJie OTpe3Ka B BUJIE

0. . 0
w(@=u; ...; u(d@)=us. (12.2)
[Ipu u3noxeHun MeToa0B pelieHus 3anadyu Kolu BOCIMONIb3yeMCsl KOMITAKT-
HOM 3anuckio 3ana4d (12.1), (12.2) B BekTOpHOI hopme.
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o _
dx
Tpebyercs naiitu U(X) mas a <x <h.

f(x,0); u(a)=u’. (12.3)

12.2. OcHOBHBIE MOJIOKEHUS METO/1a CeTOK Il pemeHud 3agaun Kommu

Yame Bcero 3anaya (12.3) pemiaercs METOJIOM CETOK.

Cymb memooa cemok cocmoum 6 ciedyrouem:

1. B obnacT MHTErpupOBaHUsS BBIOMPAETCA YIOPSJAOYEHHAs CUCTEMA TOYEK
a=Xy <% <X, <...<X, <Xy, =D, HazpIBaeMas cemxkoii. Touku X, Ha3bIBAIOT y371a-

mu, a h =X —X._4 — wacom cemxu. Eciu h, =h=(b—a)/n, cerxa Ha3piBaercs

n+1

pasnomepuoiu. 11 ynpoiieHus B JalbHeieM 0y TuM CUnTaTh CETKY PaBHOMEPHOM.
2. Pemmenne U(X) wmieTcs B BHJIC TaOJIMIBI 3HAYCHHUH B y3J1aX BEIOpAHHOW CET-

ki U< = U(X,), st gero quddepeHnnanbHOe ypaBHEHUE 3aMEHSIETCS CUCTEMO a-

reOpanyecKkux ypaBHEHUM, CBSI3BIBAIOIIMX MEX]Y COOOW 3HaYeHUs MCKOMON (PYyHK-
LIMU B COCEIHUX y3i1ax. Takas cucTeMa Ha3bIBACTCS KOHEYHO-PA3HOCMHOU CXEMOU.
HNMeercs HECKOJIBKO paCHpOCTPAHEHHBIX CHOCOOOB TMOIYYEHHUSI KOHEYHO-
pa3HOCTHBIX cxeM. [IpuBenem 31ech OMH U3 CaMbIX YHUBEPCAIBHBIX — WHMEZPO-
UHMEPNOIAUYUOHHBLIL MEMOO.
CornacHo 3TOMy CrocoOy JUIsl MOJTYYEHHUsI KOHEYHO-Pa3HOCTHOM CXEMbI MpPO-
uHTerpupyem ypaBHenue (12.3) Ha kaxa0M UHTEpBae [Xk, Xy +1] s k=0, ..., n—1

" pa3aciiuM Ha JJIUHY 3TOT'O0 HHTCPBAJIa:

Xer1 e —k+l =k X1
17 du ut -t 1%
= j —dXx=—— == j f(x, G(X))dX. (12.4)
h ¢ dx h h
X Xy
Wurerpan B npapoii yactu (12.4) annpokcumupyeM OAHOWU M3 KBaAPaATYPHBIX
dopmyin (cm. moapasa. 10.3), mocse 4yero mojydaeM CHCTEMY ypaBHEHHH OTHOCH-
TEJILHO HPUOAUNHCEHHBIX HEU3BECTHBIX 3HAYECHUN UCKOMOU (YHKIIUU, KOTOPBIE B OT-

JUYHE OT TOYHBIX 0003HAYUM Vk ~ UK.

yk-ﬁ-l_yk 1 e _ .
— ZHZOLJ-FJ;FJ:f(Xj’yJ);XkSXjSXkﬂ' (12.5)
j

31ech Xj — TOUKM BHYTPHM MHTEPBAJIA, UCIIOJIb3yEMbIE U IOJIyYCHHs KBaapa-
TypHO# popmyisl (cMm. moapasa. 10.3).
CtpykTypa KOHEUHO-Pa3HOCTHOM cxembl ais 3anaun Komm (12.5) TakoBa, 4To

o Sk+1 ok
OHA yCTAHABJIMBAET 3aKOH PEKyPPEHTHOM IIOCIENOBATENBHOCTH Y =(p(y ) TUISt

HMCKOMOTO PpEIICHUS )70, Yl, 372, .., §". TloaTOMY, MCHONB3Yysl HAYalbHOE YCIOBUE

—

3agaun (12.2) u 3amgaBas yO =0°, sarem 1o pPEeKyppeHTHBIM (opMyJiaM TOCJIeI0Ba-

TENBHO HAXOIAT BCE yk, k=1 ... n.
[Ipu 3amene uMHTerpasia MPUOMKEHHON KBaApaTypHOU (HOPMYJIO BHOCHTCS
nozpewinocmso annpokcumayuu nuphepeHIMaTbLHOTO YpaBHEHUS PA3HOCTHBIM, KO-
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TOpasi MOJy4aeTcsl, KaKk HEBA3KA, €CIM B KOHEYHO-PA3HOCTHOM ypaBHeHuu (12.5)
MOACTaBUTh BMECTO yk 3HAYEHUE TOYHOT'O PEIICHUS ak:
h

Yy =
Bocrnons3oBaBmrchk cooTHomeHueM (12.4), moiaydaeM MpPOCTOE BBIPAKEHUE
aust Beruncienus y, (h):

l i
—HZajf(xj,u‘) .
j

Xk +1

1 . .
wic(h) = j f(x, U)X~ a;F ], (12.6)
X, J
KOTOpasi 3aBUCHUT OT II1ara CETKH.

['oBopsT, uto pasHocTHas cxema (12.5) annpokcumupyem ucxonnyio nudde-
peHIMANbHYIO 3a1ady ¢ mopsakom p, eciau npu h— 0, y, (h) <ChP, C —const. U3

(12.6) cnemyet, 94TO MOPSIOK AINMPOKCUMAIIMK HA €AMHUILY MEHbIIE, YeM MOPSIIOK
HOTPEIIHOCTH UCIIOJIb3yEeMOM KBapaTypHOU (GOpMYJIbl Ha HHTEPBATIC [Xk, Xk+1].
Yem GonblINii nOpadoK annpoKkcumayuu P, TEM BBILLIE MOYHOCHb PEUIEHUA '

e il — ok ok
s(h)_Hy—uH_mEx‘y —U ‘
OcnogHnas meopema meopuu mMemooa CemoK YTBEPKIACT, YTO €CIIU CXeMa
ycroiuuBa, To ipu h — 0 morpemtHocTs perrenus () cTpeMUTCs K HYJIIO C TEM XKe

MOPAAKOM, YTO U IIOT'PCHIHOCTD AIIIIPOKCHUMAIINH:

g(h) < Co-ml?x\wk(h)\ < C,-C-hP, (12.7)

rae Co — KOHCTaHTa YCTOMYUBOCTH.

HeycToW4rBOCTH OOBIYHO MPOSIBIACTCS B TOM, YTO ¢ yMEHbIIIeHHEeM h perieHne
y¥ —> 00 mpu BospacTanuu K, 9TO JIErKO YCTAHABIMBAETCS YKCIEPUMEHTAIBHO C IO~
MOIIIBIO TIPOCYETa Ha TMOC/CIOBATEIBHOCTH CETOK C YMEHbBIIAOIMUMCes 1maroM N, h/2,
h/4, ... . Ecnu ipu 3TOM yk —> 00, TO MeTO/ HeycToiunB. Takum 0O6pa3om, eciiu ume-
eTCs almpOKCHMAIIMS W CXeMa yCTOM4YMBA, TO, BHIOpPAB JOCTATOYHO MaJiblid Iar h,
MO>KHO TTOJTYYUTh PEIICHUE C 3aIaHHON TOYHOCTHIO. [Ipr 3TOM 3aTpaThl Ha BEIYUCIIE-
HUS PE3KO YMEHBIIAIOTCS C YBEJIMYEHHWEM TMOpsKa arlpOKCUMAIUKA [, T. €. IpH
OoJIbIIEM P MOYKHO JIOCTHYb TOH YK€ TOYHOCTH, HCITONIB3Ys OoJiee KPYIHBIH mar h.

12.3. Buabl KOHEYHO-Pa3HOCTHBIX CXeM

Bonpmioe pasHooOpasue METOJ0B OOYCIOBIEHO BO3MOXKHOCTBIO MO-PA3HOMY
BBIOMPATH Y3JIbI U KBaJIpaTypHble (POPMYJIbI AJI annpoKcUMaluy uaterpana B (12.4)
MpU NoydyeHuu cxemsl (12.5).

M1. Aenaa cxema nepsozo nopaoka (Jiinepa)

3amenum unTerpai B (12.4) mo Gopmyiie JeBbIX MPSIMOYTOJIHHUKOB:
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1Xk+1_> Ifkh .
— | f(x,u(x))dx~——=F".
— [ FOa0e0)dx~—

Xy

[Toyunm
gk+l ok

%: f(%.y), k=0,1,2 .., n. (12.8)

3anaBas )70 =0°, ¢ momoupto (12.8) nerxko moay4uTh BCE MOCIEAYIONINE 3HA-

YEHUS y", k=1 2, .., n, T. K. GopMyJsia SIBHO pa3peliacTcsi OTHOCUTEIBHO Vk+l.

[MTorpemrocTs anmpokcuMmaru \y(h) u coorBeTcTBeHHO TouHOCTH £(h) MMeroT mep-
BBl TIOPSIOK B CHJIy TOTO, 4TO (hopMyiia JICBBIX MPSIMOYTOJLHHKOB Ha HHTEpPBAje
[X¢, Xs1] MMeeT morpemHocTs BToporo mopsijka, a cxeMa yCTOH4HBa.

AJropuTM mpeacTaBiieH Ha puc. 12.1.

Cor ) @

a, b, nx, np, n=1, nx
ny, 3, FPR, OUT |
| . 2
FPR(x, v, f, ny
h=(b-a)/nx ¢ |y S )
| i=1, ny
x=a
yi=ythf;
@ Hem :
[
oa x=x+th
OUT(x, y, ny) I
—
np=nx+1 oa
—Gb OUT(x, y, ny)
|

( Koney )

Paccmotpum npumep pemienus 3anaun Ko ssBHBIM MeTo10M Ditiiepa.
3amaua Komm nmeert BUI:

Puc. 12.1
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y'=y*—x y()=0
Ha oTpe3ke X €[1,3] ¢ mrarom o cetke h=0.2.
13 moctaHOBKH 3a1a4u BUIHO, 4yTo f(X,y)=Yy = y2 —x, a u3 opmysl (12.8)

CIIEIYET, YTO
oK+l

y“t =y +h-f(xy).
3Has, uto Y(1) =0, Xy =1, nonyuyaeM nepBoe 3HauCHUE:
yr=y0 +he f (%, y?)=0+0.2-((y°)? —xy) =-0.2.
Jlanee mpoaomkaeM MpoLecc paccyera no Gopmyinam
X =12,y'=-02=y? =y +h- f(x,y)=-02+0.2-((y")? - x) =—0.432;
X, =1.4,y% =—0432=y3 = y? +h- f(x,,y?) =

=-0.432+0.2-((y?)? - x,) =—0.6746752;

X0 =2.8,y0 =-156185 =y =y 1 h- f (x0,y"") =
=—1.56185+0.2- ((y'%)? — x,4) = —1.634;
X =3,y =-1.634.

M2. Heaenan cxema I-20 nopaoka

Ucnions3ys B (12.5) hopmyiy npaBbIx IpsIMOYTOJILHUKOB, MOTYYUM
ok+1

y - Vk F k+1

oK+
- 7. (12.9)
3Ta cxXeMa Hepa3peH1HMa SBHO OTHOCHUTCJIIBHO yk+l, HO3TOMy JJIA HOJ'IyLIeHI/IH

Vk+1 TpeOyeTCsl MCMOJIb30BaTh WTEPALMOHHYIO TPOLEAYPY pEIICHUs YpaBHEHUS

(12.9) (cM. MeTox pocTOit uTepanuu B mojapasa. 9.2):
y*k-l-l,s — yk + F(Xk+l, yk-l—l,s—l)

rae S=1,2,3,... — HOMep UTepaInH.

k10 =y ¢ mpenpiaymero

mrara. OOBIYHO, €CIT 3HaueHue N BBIOpAaHO yJIa4yHO, TOCTATOYHO CACNaTh 2—3 uTepa-
yk+1,s _ yk+1,s—1 ‘ <&. DbdexTHs-

HOCTb HESIBHOM CXEMBbI 3aK/IH0YacTCs B TOM, YTO Yy HCC KOHCTAHTa YCTOI‘/JILII/IBOCTI/I CO
3HAYUTCIbHO MCHBIIIC, YCM Y SIBHOU CXEMBI.

3a HavanbHOE MPUOJIMKEHUE Oepercs 3HaueHue Y

UAM IS JTIOCTHOKEHHUS 3aJJaHHOM TOTPEIIHOCTH ‘

M3. Heaenan cxema 6mopozo nopsaoka

Ucnons3ys B (12.5) hopmyny Tpaneuuid, HoJrydum

yr-yE % V) (X ¥

h 2

k+1
). (12.10)
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T. k. popmyna Tpamernuii UMeeT TPETUH TOPSIOK TOYHOCTH HAa WHTEpBAJC
[X¢, Xcs1], TO MOrpemHoCTs anmpoxcumary y(h) — BTopoii.

Cxema (12.10) He pa3peliieHa OTHOCUTEIBHO Vk+1, MO3TOMY TpedyeTcs urepa-
[UOHHAs mpoueaypa (cMm. cxemy M2):

- x h, - . : K4l s ~ =
y|(+1,S =yk +§(f(Xk, yk)+ f(xk+l’yk+l,s l)’ S=1, 2’ o yk+l,0=y|(.

AJITOpUTM IpEACTaBJIEH Ha puc. 12.2.

® ©® ©

a, b, g, nx, nit, np
/ ny, FPR, OUT / kT+
h=(b l a)/nx | d€[=0 |
xia —< =1, ny >—
| I
|| our(xym) || FPR(x}J—-'p,,, /)
[
=1, nx V=it 2 (fr it )
< n 1I nx >— V=) 71 o7
FPR(x,5.1,) | D= Ypri— Vs | |
|
o @
I
x+=h
P | de=idy |
I

® ©® © bl

] OUT(x, y,) ||
I

|
Y=Yy

|

Paccmotpum npumep pemenus 3amadn Ko HessBHBIM METOIOM Diliiepa BTO-
poro nopsiaka (¢ mepecyeTom).
3amaua Komm nmeert BUI:

Puc. 12.2
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y'=y*—x y(1)=0
Ha oTpe3ke X €[1, 3] ¢ marom o cetke h=0.2.
M3 HOCTaHOBKH 3amaud BHAHO, 4T0 f(X,y)=Y =Yy°>—x, a u3 (opMyisl
(12.10) cirexyer, 9to JiIs Hadaaa HEOOXOIUMO PACCUHUTAThH IIPOTHO3
Yia=Yi+h-106,y)
a 3aTeM IPOM3BECTH KOPPEKITHIO:

£ (%, Yi) + T (X1, Vi)
—v. +h- i Ji i+l Jitl/
YLH. yl 2

Paccuuraem 3HaueHne no cxeme s epBOM TOYKH OTPE3Ka 10 X:
Xo=1Y9=0; §1=Yo+h- F(Xp,¥)=0+0.2-(0-0-1) =-0.2;

~ 2
+h. f (Xo, yo);‘ f (X]_’ yl) —0+0.2- (0 ) 0_1) + ((2_02) _12) — _0216’

Y1=Yo
X =1.2,y, =-0.216;
¥, =y +h-f(x,y;) =-0.216+0.2-((-0.216)% —1.2) = —0.44667;
Flx, )+ F (X, ¥5) _

2

((—0.216)2 —1.2) + ((—0.44667)% —1.4) 045>
, 452;

HpOI[OJ'DKaH, MBI IPUXOAWUM K 3HAYCHHUIO B HOCHeI[HCﬁ TOYKC

§11= Y10 +h- T (X0, Y10) =—1,54075+0.2- ((-1,54075)° - 2.8) = —1,62597;

+h. f (x40, ¥10) + T (X1, ¥14) _
2
2 2
154075402 ((-1,54075)° — 2.8) ; ((—-1,62597)° - 3) _ 161898,
Jlerko 3aMeTHUTh, YTO JaHHbBIC PE3YJbTAThl CXO0XKHU C pe3ysibTaTaMH, MOJy4YEH-
HBIMH C TIOMOIIBIO SIBHOTO MeToAa Jitiepa mo cxeme M.

Yo=Yy, +h-

=-0.216+0.2-

Y11= Y10

MA4. Cxema npeouxmop — koppexmop (Pynze — Kymma) emopozo nopsaoxka

Ucnions3ys B (12.5) bopmyny cpeaHux, Moxydum
ok+1

—_ _.k —
I = (% 9. (1211)

YpaBHEHHE PaA3PENICHO SIBHO OTHOCHUTEIIBHO )7'“1, OJTHAKO B ITPABOM YaCTH

IPUCYTCTBYET HEU3BECTHOC 3HAYCHHC y"*” 2 B cepeuHEe OTpe3Ka [Xe, Xiq]. Hos

pEIIeHHs] STOTO YpaBHEHHUS CYIIECTBYET CIEIyIONUi crmocob. BHauane mo siBHOM

cxeme (12.8) paccunthiBaroT Yk+l/ 2 (npeauKTop):
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. x hz _
yk+1/2:yk+5f(xk’ yk)

[Tocne 3Toro paccuuThHIBAIOT Vk+1 no (12.11) (xoppextop). B pesynbTare cxe-

Ma OKa3bIBAa€TCs SIBHOW U UMEET BTOPOU MOPSAIOK. 3aMETUM, UTO CXEMA IOITY4YaeTCs
13 cxeMbl M3, eciii B Hell BBIITOJIHATD TOJILKO JBE HTepamnwH (S = 1, 2).
AJroput™ mpencTaBieH Ha puc. 12.3.

a,b,nx,np, ny,
y,FPR, OUT
I

| h=(b — a)/nx |
I
[ out(xyny) ]

— n=1, nx
I

X, for) ||

—

'l FPR

\

n=1, ny
I
| ypri:yi+h/2.fDI’i |

| x+=h/2 |

I
[ FPR(X Ve, Ty []
i=1, ny
| yi=Yithfi |

[ ouT(xynp) []

| x+=h/2 |
|

Puc. 12.3

M35. Cxema Pynee — Kymma uemeepmozo nopsaoka

Hcnonwsys B (12.5) popmyny Cumncona, nojryqdum
ok+l ok

V1 g ; : .
I = S0 Y+ 4T ez V)4 Tl VO (12.02)

T. k. popmymna CuMmIicoHa UMEET MATHIA MOPSAOK TOYHOCTH, TO MOTPEITHOCTh
ANMpOKCUMAIUH TAHHOM CXEMbl UMEET YETBEPTHIN MOPSAIOK.
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MOXXHO TO-pa3HOMY peaiM30BaTh pacyeT HESIBHOTO TIO y"“ ypaBHEHUS

(12.12), omHako HamOOJBIIEE PACTIPOCTPAHCHHUE MOIYUHII CICIyIONuil crmocob. Jle-
JAI0T MPEIUKTOP BUAA

ko = (%, 9);
k= y<H2 =y +h/2- (%, 9);

EZ — yk+l/2,2 — yk + h / 2. .F(Xi+1/2, y»k+1/2,1);

=YK+ N f (X0, VY22,

K. = yk+1,1
3=
3aTeM KOppeKTop 1o hopmyrie

Sk+l —=k+1/2,1

_k h ~ -
y —yk+g[f(xk’ yk)+2f(xk+1/2, y )+

+2F (Ko, Y+ (%, YO
AJNTOpATM METOAA MPECTABIEH Ha puUC. 12.4.

? ?

a,b, nx, np, ny, H FPR(X,ypr,kz) H
7, FPR, OUT
I
’ h=(b —a)/nx ‘ n=1|, ny
([ ourfeymy) ] [ Yo =Yi+h/2-k, |
n=1, nx

T FPRpoTR) ] ——

[
L[ FPR(x,Vpr ko]

n=1, ny Ml
| n=1, ny
[V vt /2 kg, ] [
[Yi =Y + /6 (ko, +2-ky, +2:K;, +kg))|
I

] x+=h/2 | |
1 FPR(x[,ypr,kl) i [[_ouT(xy.m) []
T o
’ YLar;:yi"'lﬂ'/z‘kli ‘
|
® o
Puc. 12.4

12.4. MHoOTrOmIArOBBIE CXeMBbI A1aMca

[Tpu mMOCTPOSHUH BCEX MPEABIIYIIMNX CXEM JJIsi BEIYMCICHUS HHTErpasia B mpa-
BOH yacTu (12.4) UCHIONIB30BANUCH JIMIIb TOUKU B AUANA30HE OJHOTO miara [X,, X..q].

[TosToMy mpu peanu3anyy TaKUX CXE€M ISl BBIYUCIIEHHUS CIEAYIOIIErO 3HAUYECHUS y"+1

105



TpeOyeTcs 3HaTh TOJBKO OJHO MpEAbIAyIlee 3HaYECHUE y", T. €. peKyppeHTHas Mo-
CJIEI0BATEIbHOCTD MOIYYaeTCsl IEPBOro nopsaka. Takue cxembl Ha3bIBAIOT 0OOHOULA-
208bimu. Mbl, OJTHAKO, BUJEIH, YTO JJIsl TOBBIIIEHUS TOYHOCTHU MPU MEPEXOJE OT Xk K

Xk+1 HOPUXOAUIOCH HCIIOJB30BaTh M 3HAYCHUA ®YHKHHH F BHYTpU HHTCPBAJA

—k+1/2
y

[Xe11/25 ]. Cxemsl, B KOTOpPBIX 3TO Hcnonb3yetcs (M4, M5, ...), Ha3bIBaIOT cxe-

mamu ¢ OpobHbIMU wiazamu. B 3TUX cXeMax NOBBIIIEHHE TOYHOCTH JIOCTUraeTCs 3a
CYeT JOMOJHUTENBHBIX 3aTpaT Ha BblyMcieHue QyHknuu F(X) B mpomexyTOUYHBIX
TOYKaX MHTepBana [X., X.,;]-

Hoes memooos Aoamca 3aKIIIOYaCTCS B TOM, YTOOBI JIJIS IMOBBIIICHHUS TOYHO-

CTH HCIIOJIBb30BaTh YK€ BbBIYMCICHHLIC Ha TMPCAbIAYIIUX MHIarax 3Ha4YCHUS

yk’ yk—]., yk—z’ o

3amenuMm B (12.4) F(X) nHTEpHONASIIMOHHBIM MHOTOUICHOM HbIOTOHA BHIa

F(X)~ F(x)+(X—X) F () —hF(xk_l) .

F (%) —2F (X ) + F(X_») +
2h?
[Tociie MHTErpUPOBaHUS HAa UHTEpBAIe [X,, X,,;] HOIY4UM sA6HYI0 IKCMpano-

(X=X ) (X =Xy 1)

JNAYUOHHYIO cxemy Anamca (IKcmpanonsyueli HA3bIBACTCS TONYyYCHHE 3HAYCHUI
UHTEPIIOJISIIHOHHOTO MHOTOWICHA B TOYKAX X, BBIXOMSIINX 33 KPAHHUE Y3JIbl CETKH).
B HameM ciyuae MHTErpUpOBaHHE IIPOU3BOJUTCS HAa MHTEpBale [X, X,,;], a momu-
HOM CTPOHTCS 1O y31IaM X, X 1, X o-

[Mopsiiok anmpoKCUMAIMK CXEMBI B ATOM CIIy4ae OMpeAessieTCs] KOJMYECTBOM
UCIIOJIb30BAHHBIX MPH MOCTPOSHUHN TOJIMHOMA y3JI0B (HAPUMEp €CIIH UCTONb3YIOTCS
Xy Xi_1, TO CXe€Ma BTOPOTO MOPAIKA).

Ecnu B (12.4) F(X) 3ameHuTh MHOTOWICHOM HblOTOHA BHIa

F (1) = F (%)
~ k+1 k
F (X) ~F (Xk+1) + (X B Xk+1) h +
F(%a) =2F () + F (%)
2h?
TO MOCJIC UHTETPUPOBAHUS TIOJIYUUM HEAGHYIO UHMEPROJIAUUOHHYIO cxemy Adamca.

3aMeTuM, YTO HEsBHAasi MHTEPIIOJSAIMOHHAS CXE€Ma BTOPOTO IMOpsKa COBIAIAET CO
cxemoit M3.

(X = X1) (X=X )

M6. Asnaa Ixcmpanonauuonnas cxema Aoamca emopozo nopaoka
ok+l ok

% —1.5- T (%, ¥) =05 T (x4, VD). (12.13)

Cxema aByxIiarosasi, MO3TOMY JIJIsi Ha4ajla pacyeTOB HEOOXOJAMMO HAUTH )71

—

o Mmetoay M4, nociie uero y2, V?’, ... BBIUUCHATH 110 (12.13).
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M7. Asenaa sxcmpanonayuonnan cxema Aoamca mpemuvez2o nopaoka

yk+l_ yk 23
h 12
Cxema TpeXmaroBas, IIO3TOMY I Hadaja pacCuCTOB HCO6XOI[I/IMO HaUTH

F O *k)——f( X1 V" 1)+—f(><k 2 ¥%). (12.14)

Vl, )72 o meroay M5, nocie dero VS, )74, ... BRIUUCHATH 110 (12.14).

MS8. Hesagnan cxema Aoamca mpemupezo nopaoka
ok+l ok
y -y 5= ckiy 8 2k 1g k-1
———=—f (X1, +— (X, —— f (X1 . (12.15
0 12(k+1Y)12(kY)12(k1Y)( )
T. k.cxema JIByXIIarosas, TO JJIs Hadaja pacueToB HEOOXOAMMO HAUTU yl 10
Merony MS, mocne gyero VZ, V?’, ... BBIUUCHATh 1o (12.15).

I[JUI HaXO0XACHU yk+1 Tpe6y€TCH HCIIOJIBb30BATbh MCTO/ HpOCTOﬁ UTCpaln:

ks ok 5 ¢ giHst 8 ¢ S k-1
S =y +h| = (x4, +— (X, V) ——= F(X_q, :
y y LZ (Xis1 )+ 12 (X, ¥°) 12 (X1, Y )}

3nauenne Y<O

cienyeT paccuutath 1o gpopmysie (12.13):
y 0 = ¥ 4. [1.5- f (X, y)—05- f(X_q, yk—l)].

‘Iame BCETO0 OBIBacT JOCTAaTO4YHO OI[HOﬁ HUTCpAIu. Ecan IIpX 3TOM Pa3HOCTH

k41,0 gk+11 .
y¥0 _ y* Y oxassiBaercs Gombioi, To crenyer ymensmuts h. Cxema anropurMa

Ipe/cTaBieHa Ha puc. 12.5.
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Cnen ) @

a, b, €, nx, nit, np, i=1, ny
ny, ¥, FPR, OUT |
| _
ypi_yi+h:f;;2i
h=(b—a)/nx ]
x=a 1
x=x+h/2
FPR(s, 3, [}, ny)
oa |
OUT(x, y, ny) 1 —
] i=1, ny
I
np=nx+1 Vpi=Vith/6-(f,,+
! +2fpu+2fng+ﬁ,)
FPR(x, 5 fry ny); |

|

i=1, ny
|
Vpi=Yith/2 1, OUT(x, 3, ny)
: .
x=x+h/2 FPR(x, ij; S my)
| I
FPR(x, ¥, jil, ny) n=2, nx
| l
i=1, ny < i=1, ny >
| |
Y fﬁh/zt’;“ )jr:?;s [=05/,)
| I

FPR(x, 5, fr 1)
e ©®
O

Puc. 12.5. 1-ii hparmenT (okoHuYaHue cM. Ha c. 109)
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OO®

x=x+h

FPR(x, 3, f. ny)

< i=1, ny >—
|
2=y, Th-(5N2:f+

+8/12:+4,-1/12:4,,)
|
d =z -yl

|
Yi—Z

Hem

oa
de =d

PP

FPR(x, 3, f ny)

OUT(x, y, ny)

0006

Puc. 12.5 okonuanue

( Koney )

(nHagaso cMm. Ha c. 108)
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12.5. OcoO0eHHOCTH IPOrPAMMUPOBAHMS AJITOPUTMOB

Jlns pewrenns 3agaun Ko cocrapiisiercs cTaHiapTHas MOANPOrpaMMa, KOTO-
pas momenaeTcsi B OM0IMOTEKy CTaHAapTHBIX IporpamM. [lepenaua Bcex HeoOxoau-
MBIX JaHHBIX U3 OCHOBHOM ITPOrpaMMbl IIOJIB30BATENsl B MIOANPOTrPAMMY OpraHU3yeT-
Csl Uepe3 CIHUCOK (POpMaTIbHBIX ApaMETPOB, KOTOPBINA BKIIIOUAET:

a, b — Hayano u KoHel 00JIACTH MHTETPUPOBAHHUS;

NX — KOJIMYECTBO I1arOB CETKU;

Np — mapameTp, yKa3blBAIOIINMN, Yepe3 KaKoe KOJIMYECTBO 1IaroB OPraHU30BbI-
BaTh BBIBO/ IaHHBIX;

NY — KOJIMYECTBO YpaBHEHUI];

Y — MaccuB, B KOTOPBIM CHadajga nIpu OOpallieHuy K NOAMporpaMmmMe moMeniaeT-

csl BeKTOp HadabHbIX 3HaueHuin Y(0) = t°, a mo oxoHuaHuH paboTHI B HEM MTOMENIa-

eTCsl perieHne Ha KoHie nateppana Y(b).

I[JBI UTCPAIMOHHBIX MCTOJO0B AOIIOJIHHUTCIBHO BBOIAATCA:
Nit — MakCHUMaJbLHO AOITYCTHUMOC KOJIMYCCTBO HTepaHHﬁ;
€ — TOYHOCTD (HOFpCHIHOCTB, a0 KOTOpOﬁ BBIITOJIHATOTCA HTepaHI/II/I).

B moamporpamme FPR(X, VY, F, Ny) 1 3aJaHHBIX X U Y BBEIYKMCIIIETCS BEK-

TOP f= I?(X, y), B mognporpamme OUT (X, Y, NY) OCYIIECTBISAETCS BBIBOJ JTaHHBIX.

12.6. UnauBuayaIbHbIe 32 JaHUSA

CocTaBUTh OTACNBHYIO MOANpPOrpamMmy, OGOpPMIICHHYIO B BUJIE MOMIYJS, IS
peteHust 3aaun Koy B COOTBETCTBUH CO CXEMOM COTJIaCHO BapuaHTy (Tadu. 12.1).
C moMoIIpI0 3TOM MOAMPOrPaMMbI PEIIUTh 3a/1auy JJII CUCTEMBI IBYX ypaBHE-
HUW B COOTBETCTBUU C BapuaHTOM (cM. Tabi. 12.1):
du du
1 . U :
= f,(X, Uy, Uy); = f,(X, Uy, Uy);
dx dx
asx<h;
0. 0
u(a) =up; u,(a)=us.

TouHoe pemienwe 3Toif 3a/aun TpH Uy =24, Uy =€ OJIMHAKOBO JUTA BCEX Ba-

PHAHTOB M UMeeT Buj Uy = 2X, U, =€

Oynkums FPR pis BapuanTta 15 umeer Bua
void FPR(double x, double *y,double *f)

{
fI0]=y[0]*exp(x)/(x*y[1]);
f[1]=2*x/y[0]+y[1]-1;}
Bapuant mnponeayper OUT, obGecrieunBaromieid BBIBOA TaOIMII 3HAYCHUH
HPHOIIIKEHHOTO ¥ TOYHOTO pellieHus u norpemHocteit (d;, d,), umeer Bua
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void OUT (double x, double *y)

{

cout << "x =" << setw(5) << x << setw(10) << " ul -yl =" << 2*X —

y[0] << setw(10) << " u2 —y2 =" << exp(X) — y[1] << endl;}

Hauaneubie ycnoBus cienyromue: Y[1]:=2*a; y[2]:=exp(a).

PacueTsl

IMPOU3BCCTH JIsI IIOCJIICAOBATCIIBHOCTHU

CTYIIAIOIIUXCS

CCTOK.

h=h=(0-a)/10, h=h/2, h=h,/4, ..., — u, cpaBHUBas NOIyYeHHOE pPELICHHE C

TOYHBIM PEIICHUEM, JJOOMBATHCS TOTO, YTOOBI IIOTPEITHOCTH Ha BTOPOM KoHIlE (X = )
onu1a He 6osbine 0.0001.
[TocTpouTh rpaduky MoJydeHHBIX perreHui miss h = hi, CpaBHHTH WX ¢ TOY-
HBIM PEIIICHUEM.

Tabmuna 12.1

Ho-

(;z;Z— f.(X, U, Uy) fo(X, Uy, Uy) [a, b] |U1(a) | uz(a) n]\joe(-)

aHma.
1 |u/x-u,/e*+1 U /(2x) +u, -1 [1,3]] 2 e | M1
2 |u+uU,—2x—e"+2 Uy +U, —2X [1,2]| 2 el | M2
3 |y +2u,/e"—2x u /(2x)—e*/u, +u, [[2,3]] 4 | ¢ | M3
4 | (u-e*)/(x-uy,) 2U; +U, —4X [1,4]] 2 el | M4
5 |2u+(u, +e¥)/eX —4x | 2X-Uy/uy [2,4]] 4 | & | M5
6 |u-u,/(e"-X) 2x/u; +2u, —e* -1 |[1,3]| 2 el | M6
7 |u/2x+u,/e* +1 Uy - Uy /2X 2,3]| 4 | &2 | M7
8 |u/x+u,—e 2x/u, +u3/e* -1 [1,4]| 2 | ¢ | M8
9 |u +2e*/u, —2x Ut /X% +u, —4 [1,2]| 2 | ¢ | M7
10 | 4x/u —u, +¢€” U /2x—u,/e* +¢* [2,4]] 4 | & | M6
11 | 2x/u +u,/e® u, -e2*/(u, - 2x) [3,4]| 6 | & | M5
12 |y -u,/(28*) —x+2 U, +2u, —2x—e” [1,3]] 2 el | M4
13 |uf+u,—4x2—e*+2 |u-efu,+u,-2x  [[1,2]| 2 et | M3
14 |uf/2x* —u, +€* u-e*/2x+u,/e* -1 |[2,4]] 4 | & | M2
15 |u,-e*/(x-u,) 2x/u; +u, -1 [3,4]| 6 | & | M1

111



12.7. KoHTpOJIbHBIE BONIPOCHI

1. Kak ¢popmynupyertcs 3aaada Koru a1 cucTeMbl U3 N ypaBHEHUNA?

2. B uem cyTh M€TO/1a CETOK?

3. Uro Takoe KOHEYHO-PAa3HOCTHAs CXEMa, MOTPEIIHOCTh AalmpOKCHUMAIUH,
YCTOMYUBOCTH?

4. Chopmynupyiite coiepKaHue OCHOBHOM TEOPEMbl METO/1a CETOK.

5. Ha3zoBuTe M3BeCTHBIE BaM CXEMbl pelieHus Tud@epeHInanibHOro ypaBHe-
HUSL.

6. B yem oTiinumne meronoB Anamca ot metofoB Pynre — KyTter?
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