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Lecture 1

1.1. Random variables. Probability distribution law

A random variable (RV) is a variable, which resulting from the experiment with
a chance outcome, takes on this or that value, therefore being unknown in advance,
before an experiment, which value exactly.

We denote random variables by capital letters: X, Y, Z; their values — by the cor-
responding small letters: X, y, z, and Qx — is a set of possible values of variable X.

Examples of random variables:

1. Experiment — roll dice; random variable X — is number of dot on cube face; Qx
={0,1,2,3,4,5,6}.

2. Experiment — computer operating up to the first failure; random variables X —
are time between failures; Qx = (0,00].

Depending on the kind of set Qx , random variables can be discrete and continu-
ous.

Random variable X is called discrete (DRV), if set Qx is enumerable, i.e. all its
elements can be arranged in a certain order and be enumerated.

Random variable X is called continuous, indiscrete (CRV), if set Qx — is innumer-
able set.

Distribution law of the random variable X is any function (rule, table, etc.), estab-
lishing a correspondence between random variable values and probabilities of their

occurrence, and allowing to find probabilities of the every possible event

p{a < X <b}, Va,b, related to arandom variable.



1.2. Cumulative distribution function

Cumulative distribution function F (x) of the random variable X is a function
whose value is the probability that a random variable X has a value less than or equal

to the argument of the function x:

F(x) = p(X<x). (1.1)
Properties of X cumulative distribution function:
1. F (-o0) = 0.
2. F (+0) = 1.
3. F (x1) <F (x2), at X3 <X».
Proving.
- >
4 ) B :
< > x
X, X,

A ={X <x1}, B = {x3=<X <x,}, C = {X <x,}, then
C=A+B, p (C) =p (A) +p (B), p (C) =F (x2), p (A) =F (x1), F (x2) =F (x1) +p (B), p

(B) 0= F =(X1) F<AX2).

4. Probability of the random variable X value getting to the interval:

p(x, <X <x%) =F(x) - F(x). (1.2)

Proving. p (xa<X <x2) =p (B) =p (C)—p (A) = F (x2) — F (x1).

We illustrate these properties by means of the visual geometrical interpretation.
For this purpose, we consider a random variable as random point X on the axis OX,

which, as a result of the experiment, can take this or that position.

Xex




Then cumulative distribution function F (X) is the probability that random point

X as an experimental result will get to the left of the point x. We increase x, moving the

point to the right along the abscissa axis, it is obvious therefore, that the probability of

fulfilling inequality X <x cannot be decreased (property 3). With reducing x to —oo — the

event X <x becomes impossible, i.e. F (—0) = 0 (property 1). With increasing x to +wo
- becomes certain, i.e. F (+o0) = 1 (property 2).

Cumulative distribution function is used when considering both discrete and con-

tinuous random variables.

1.3. Distribution set

For describing discrete random variables, along with cumulative distribution
function F (x), the probabilities distribution set (probability mass function) is used.
The distribution set of the discrete RV X is a table, in the top line of which all

possible values of RV Xy, Xa..., Xn (Xi-1 <x.) are listed, and in the bottom line — proba-

bilities of their occurrence p,, p,..., p,, Where pi=p {X=x}.

X; X1 Xo Xn

pi pl p2 pn

Since events {X =x1}..., {X = x,} are incompatible events and form a entire group,

the control relationship is valid

p,+ P+ ... +p,=1. (1.3)

The polygon of probabilities is a graphic representation of the probabilities dis-
tribution series. All possible random variable values are put on the abscissa axis, and
probabilities of these values are put on the axis of ordinates. For visualization, straight-
line segments connect the obtained points. The distribution polygon, like the distribu-
tion set, completely characterizes a random variable and is one of the distribution law

form.



Cumulative distribution function of any discrete random variable is the discontin-
uous step function, the jumps of which occur at the points corresponding to possible

values of the random variable, and are equal to probabilities of these values:

F(X)=> p(X =x;) (1.4)

X <X

where summation is taken over all values of X, which are less than x.

1.4. Probability density function

The random variable X is called continuous, if its cumulative distribution func-
tion F (x) — is continuous and differentiated function for all values of argument.

For continuous cumulative distribution function F (x) the probability of any sep-
arate value of the random variable should be equal to zero, i.e. there should be no jumps
at any point. Such events — possible, but with zero probability — appear only when
considering experiments, which are not reduced to the occurrence scheme. This is sim-
ilar to a body having a certain weight, but not one of the points inside the body possess
a finite mass. The small volume possesses a finite mass, but it approaches to zero with
volume decreasing, and in the limit is equal to zero for a point. That is, for continuous
probabilities distribution, the probability of getting to the arbitrarily small section dif-
fers from zero, then the probability of getting to a strictly certain point exactly equals
to zero.

The probability of the continuous random variable X getting to the section from x
to x+Ax is equal to the cumulative distribution function increment on this section:
p {X=X <x+Ax} =F (x+Ax) — F (x). Then the probability density on this section is equal

p{Xx < X < X+ AX}
AX

sity at the point x:
lim p{x< X <x+Ax}: lim F(x+Ax)—F(x) _ dF(x)

Ax—0 AX A0 AX dx

to . Going to the limit at Ax — 0, we obtain the probability den-

—F'(x) = f ().

The obtained function is one of the forms of the of continuous random variables

distribution law forms.



The probability density function (distribution density) f (x) of the continuous ran-
dom variable X characterizes the probability density in the neighborhood of point x and
Is equal to its cumulative distribution function derivative

f(x):M: F'(x), (1.5)
dx
and the probability density plot is called a distribution curve.
Let there is point x and adjacent to it segment dx. The probability of the random
variable X getting to this interval equals f (x) dx. This variable is called a probability
element. The probability of the random variable X getting to the arbitrary section [a,

b) is equal to the sum of probability elements on this section:
b
pfa< X <b}= j f (x)dx. (1.6)

In geometrical interpretation p{a < X <b}is equal to the area limited from the

top by the probability density function curve f (x) and section [a, b).
Relationship (4.6) allows to express the cumulative distribution function F (x) of

the random variable X in terms of its density:
F(x)=p{X <X}=p{-o< X <x}= j f (t)dt. (1.8)

The basic properties of the probability density function:

1. Probability density function is non-negative f (x) >0, since its primitive F (X) is
non- decreasing function (see property 3 F (x), section 1.2). The probability density
function is equal to zero (f (x) = 0) for those values of x, which the random variable X

never assumes in an experiment.
2. The normalizing condition: I f(X)dx=p(—o< X <+0)=1. (1.9)

The total area, limited by the distribution curve and the abscissa axis, is equal to



Lecture 2

2.1. Numerical characteristics of the random variable

The distribution law of the random variable is a mathematical form, which com-
pletely describes a random variable from probabilistic point of view. However, in many
practical problems, there is no need for such complete description, and it is enough to
specify only certain numerical parameters, characterizing significant distribution fea-

tures. Such numbers are called numerical characteristics of a random variable.

2.1.1. Mathematical expectation characterizes the random variable weighed

mean value and is defined by formulas:
> % - p{X =x},for DRV
m =M[X]=E[X]=1 - | 2.1)
jx- f (x)dx ,forCRV.

where my denotes the number obtained after calculations by equation (5.1);

DRV - discrete random variable;

CRYV - continuous random variable;

M [X] — is the expectation operator.

As it is seen from (2.1), as mathematical expectation, the «weighed mean valuey
is used, therefore each of the random variable values is considered with the "weight"
proportional to the probability of this value.

The physical meaning of the mathematical expectation — is the mean value of the
random variable, i.e. that value, which can be used instead of the random variable in
approximate calculations or estimations.

The mathematical expectation possesses the following properties:

1.M[c]=c.

Proving. We consider constant ¢ as a random discrete variable which assumes one

value ¢ with probability p = 1.



2. M [X+c] =M [X] +c =m, +cC.

Proving. M[X +c]= T (x+c)- f(x)dx :Tx- f (x)dx+ Tc- f(x)dx=m, +c

—00 —00 —00

3. M[cX]=cM[X]=C-m, .
Proving. M[cX ] = ch- f (x)dx =cj X- f(x)dx=c-my

2.1.2. Ordinary moments. The k-order ordinary moment ¢, (x) of the random

variable X is the k-degree mathematical expectation of this random variable:

N
> % -p;, forDRV;
i=1

&, () =M[X "] = (2.2)

j x“ . f (x)dx, forCRV.

\—00

We consider several of the first k ordinary moments:
k=0a,(X)=M[X°]=M[1] =1;
k=1-a g (X)=M[X']=M[X]=m, — mathematical expectation;

k=2- a,(x) = M[X?]—is used for dispersion calculation.

Centered random variable X is the random variable, mathematical expectation

of which is at the beginning of the origin of coordinates (at the number axis center), i.e
M[X]=0.

The centering operation (transfer from the non-centered variable X to the centered
X ) looks like

)O(:X—mx

2.1.3. Central moments. The k-order central moment g, (x) of the random variable

X is the k-degree mathematical expectation of the centered random variable X :



-

N
> (x-m)" - p, forDRV,
i=1

) =M[X*1={ . (2.3)
j(x—mx)k . f(x)dx,  forCRV.

We consider several of the first k ordinary moments:
k=044, () = M[X°]= M[1] =1;
k= 14(x) = M[X] = M[X]=0;

k=2-a u(x)= M[on]z M[(X =m,)*]=M[X?*]-2m,M[X]+m; = a,(x)-m’ = D, — disper-
sion or variance.

2.1.4. The random variable dispersion (variance ) characterizes the degree of dis-
persion (scattering) of random variable values with respect to its mathematical expec-

tation and is determined by formulas:

N N

Z(Xi -m,)*p, :inzpi—mi, forDRV;

D, =D[X]=,(x) =a,(x)-m§ =1, (2.4)
I(x—mx)zf(x)dx: j x2f (x)dx—m2, forCRV.

Dispersion properties:

1.D[c]=0.

Proving. D[c]=M [ (c—M[c])’ |=M [ (c-c)’ |=M[0] =0

2. D [X+c] = Dx.

Proving.
D[X +¢]=M[(X +c=M[X +c])* |=M[ (X +c—m, —c)’ | = M[(X —m,)*] =D,
follows from property 2 (items 2.1.1) of the mathematical expectation. It becomes
clear, if it is taken into account, that variables X and X+c differ only by the reference

and are equally dispersed about their mathematical expectations. It is obvious, that the

centering operation does not change the random variable dispersion:

D[X]=D[X —m, ]=D[X].



3. D [c-X] = ¢%Dx.

Proving. D[cX]=M[c*X*]—(M[cX])’ = c*(M[X?]-m2) = c*D,

The random variable dispersion has the dimension of the random variable square,
therefore, dispersion is not quite convenient for analysing the value range of the varia-

ble X. The root-mean-square deviation (RMSD), the dimension of which matches the

random variable dimension, does not feature this disadvantage.

2.1.5. The root-mean-square deviation (standard deviation) of the random vari-

able X characterizes the range width of values X and is equal to

oy =o[X]=+/D[X]. (2.5)
RMSD is measured in the same physical units, as the random variable.
Rule 3o Practically, all random variable values are in within the interval
[mx — 3ox; mx + 3ox;]. (2.6)
Mathematical expectation and dispersion (or RMSD) — are most often used char-
acteristics of a random variable. They characterize the most important distribution fea-
tures: its position and degree values dispersion. For more detailed description, the or-
dinary and central moments of the higher orders are used. Beside the mathematical
expectation, in practice other characteristics of the value distribution position are also
often applied.
2.1.6. The random variable mode is equal to its most probable value, i.e. that value

for which probability pj (for a discrete random variable) or f (x) (for a continuous ran-

dom variable) reaches the maximum:
p(X =Mo) =max, f(Mo)=max.
Distribution with one maximum of the probability density function is called "uni-
modal”. If the distribution polygon or distribution curve have more than one maximum,
distribution is called "polymodal”. If in the middle the distribution features not the

maximum, but the minimum, it is called "antimodal".



2.1.7. The median of the random variable X is equal to such its value, for which

the condition p {X <Me} = p {X>Me} is fulfilled. The median, as a rule, exists only for
continuous random variables. The value of Me can be determined as the solution of
one of the following equations:

“_A[e f(x)dx=0,5; Tf(x)dx:O,S; F(Me) =0,5. (2.7)

In point Me the area limited by the distribution curve is halved.

3.1.8. Fractile yp of the random variable X - is such its value, for which the

condition is fulfilled

P{X<xp}=F (zp) =p. (2.8)

It is obvious, that the median is the fractile ..



Lecture 3
3.1. Uniform distribution
A continuous random variable X has uniform distribution if its probability den-

sity in a certain interval [a; b] is constant, i.e. if all values of X in this interval are

equiprobable:

0,x<a, 0,x<a,
B 1 X—a
f(x) = m,a3xsb,|:(x): b_a,a5xsb, (3.1)
0,x>bh. 1, x>bh.

The random variable with uniform distribution is designated as U(a, b).
The density and of uniform cumulative distribution function plots are more presented
belowatb=3anda=1.

f(x) Fx)

2 4 2 4
Numerical characteristics of the uniformly distributed random variable:

2
m :a+b’D _(b-a) |

X2 T 12

If necessary to determine parameters a and b by known my, Dy , the following

(3.2)

formulas are used:
a=m, +o,/3, b=m, —o, 3. (3.3)
Occurrence conditions:
1. Random variable X — round-off errors at the limited digit grid:

- rounding off to minor integer X €[-1,0], m, =-0,5,



- rounding off to major integer X €[0,1], m, =0,5,
- rounding off to the nearest integer X €[-0,5;0,5], m, =0,
where 1 — is the digital resolution.
2. Random variable X — is the value readout error from the measuring device an-
alog indicating scale, X €[-0,5;0,5], m, =0 , where 1 — is the scale division value.
3. Pseudo-random variables generators, for example RANDOM, RND built-in to

high level programming languages.

3.2. Exponential distribution

The continuous random variable X assuming only positive values has exponential

distribution, if its probability density and cumulative distribution function are equal to:

X

—e 4, x>0, _ >
00 =12 Foo=417¢ 720 g
0, x<0; 0, x<0,

where A— distribution parameter (1> 0).

The random variable with exponential distribution is denoted as EO‘).
The density and exponential cumulative distribution function plots are presented
below at A=1.

f(x) F(x)

2 4 0 2 4

Numerical characteristics of the exponential random variable:



m, =A, D, =A%, (3.5)
Occurrence conditions. Random variable T — is the time interval between two

adjacent events in the simple or Poisson stream of random events, therefore, the distri-

bution parameter — %is the stream intensity.

3.3 Normal (Gauss) distribution

Probability density function N(a,5%) of normal random variable:
_(x-a)?
26° 2
e , aeR,oc°>0

1

f (X) =
g
27[(52

The mathematical expectation of normal random variable

E(N(a,0%)) =a,

0.4 .

N(-1,1)
0.35 \ N(©,1) ||

j N(1,1)
0.3 / \
0.25

0.15

0.1

0.05




Dispersion of normal random variable

D(N(a,c?)) =o”

0.8 :
N(0,0.5)
0.7 NO,1) |
/ \ N(0,2)
0.6 / \
0.4
0.3 // \\
0.2
N
0 e ] ~
“10 5 0 5 10
Fig. 3.2

Cumulative distribution functions of normal random variable:




The table 3.1

R e i A

o f(x)
D(z)=—— e 2dt=
(2) mj y

.

-Z z
z D(2) z O(z) z D(2) z O(z)

0,00 0,0000 0,66 0,4907 1,32 0,8132 1,98 0,9523
0,02 0,0160 0,68 0,5035 1,34 0,8198 2,00 0,9545
0,04 0,0319 0,70 0,5161 1,36 0,8262 2,05 0,9596
0,06 0,0478 0,72 0,5285 1,38 0,8324 2,10 0,9643
0,08 0,0638 0,74 0.5407 1.40 0,8385 2,15 0.9684
0,10 0,0797 0,76 0,5527 1.42 0.8444 2,20 0,9722
0,12 0,0955 0,78 0,5646 1,44 0,8501 2,25 0,9756
0,14 0,1113 0,80 0,5763 1.46 0,8557 2,30 0.9786
0,16 0,1271 0,82 0,5878 1.48 0.8611 2.35 0,9812

X

0,18 0,1428 0,84 0,5991 1,50 0,8664 2,40 0,9836
0,20 0,1585 0,86 0,6102 1,52 0,8715 2,45 0,9857
0,22 0,1741 0,88 0,6211 1,54 0,8764 2,50 0,9876

0,24 0,1897 0,90 0,6319 1,56 0,8812 2,55 0,9892
0,26 0,2051 0,92 0,6424 1,58 0,8859 2,60 0,9907
0,28 0,2205 0,94 0,6528 1,60 0,8904 2.66 0,9920
0,30 0,2358 0,96 0,6629 1,62 0,8948 2,70 0,9931
0,32 0.2510 0,98 0,6729 1.64 0.,8990 2,75 0,9940

0,34 0,2661 1,00 0,6827 1,66 0,9031 2.80 0,9949
0.36 0,2812 1,02 0,6923 1,68 0,9070 2,85 0,9956
0,38 0.2961 1,04 0,7017 1,70 0.9109 2.90 0,9963
0,40 0,3108 1,06 0,7109 1,72 0,9146 2,95 0,9968
0,42 0,3255 1,08 0,7199 1,74 0,9181 3.00 0,9973
0,44 0,3401 1,10 0,7287 1,76 0,9216 3.10 0,9981
0,46 0.,3545 1,12 0,7373 1,78 0,9249 3.20 0,9986
0,48 0,3688 1,14 0,7457 1.80 0,9281 3.30 0,9990

0,50 0,3859 1,16 0,7540 1,82 0,9312 3.40 0,9993
0,52 0.3969 118 0,7620 1.84 0,9342 3.50 0,9995

0,54 0,4108 1,20 0,7699 1,86 0,9371 3,60 0,9997
0,56 0,4245 1,22 0,7775 1,88 0,9399 3,70 0,9998
0,58 0.4381 1.24 0,7850 1,50 0.,9426 3.80 0,9999
0,60 0,4515 1,26 0,7923 1,92 0,9451 3,90 0,9999

0,62 0.4647 1.28 0,7995 1,94 0,9476 4,00 0,9999
0,64 0,4778 1,30 0,8064 1.96 0,9500




3.4 Chi-square distribution

The random variable

where — the %1 X1, ---> Xk independent normal distributed random variables
N(021)
have X2 (Chi-square) distribution with k degrees of freedom and notated as H, (k).
From definition of & (Chi-square) distribution obviously property:

)(S"‘ZSEHl(p"‘Q)_ (3.6)

2 2 2 2
where Zp €H1(P) ¥ €H1(A) and%b, Za are independent,

Probability density function of X2 distribution with k degrees of Freedom H, (k).

1 x\2 ' >
—_— = e 2, x>0,keZ,
fa(x):< Zr(kj 2

2

0, x<0.

k
i
where \2) — Gamma function which is defined by expression

r(x)= [y e ™dy
0 .
Gamma function possesses following properties:

1
M(x+1)=xI(x) T(k+1)=k IQ)=r@2)=1 F(E) :ﬁ,

Curve probability density of this distribution are represented on fig. 3.3.



Fig. 3.3

These are the asymmetrical curves located on a positive semiaxis of abscisses. Curves

have on one maximum in a pointX=k -2,

The mathematical expectation of X2 (Chi-square) distribution:
E(xc) =k

The dispersion of distribution of v (Chi-square) distribution:
D(xic) =2k

The table below allow to solve the equations

P(x;>y2)=a, 0<a<i

The table 3.2



f, 2

,
P(Zz >Zr;,k) =a
2
! ok

k 0,01 0,02 0,05 0,95 0,98 0,99

1 6,64 541 3.84 0,004 0,001 0,000

2 9,21 7.82 5.99 0,103 0,040 0,020

3 11,34 9,84 7.82 0,352 0,185 0,115

4 13.28 11,67 9.49 0,711 0,429 0,297

5 15,09 13,39 11.07 1,145 0,752 0,554

6 16,81 15,03 12.59 1,635 1,134 0,872

7 18.48 16,62 14.07 2,17 1,564 1,239

8 20.10 18,17 13.51 2,73 2,03 1,646

9 21,07 19,68 16.92 332 2,53 2,09

10 23.20 21.2 18.31 3,94 3,06 2.56

12 26,2 24,1 21.0 5,23 4,18 3,57

14 29.1 26,9 23.7 6,57 5,37 4,66

16 32.0 29.6 26,3 7,96 6.61 5.81

18 34.8 323 28.9 9,39 791 7,02

20 37.6 35.0 314 10,85 9,24 8.26

22 40,3 37,1 33.9 12,34 10,60 9,54

24 43,0 40,3 364 13,85 11,99 10,86

26 45.6 42,9 38.9 15.38 1341 12,20

28 48.3 454 41,3 16,93 14,85 13.56

30 50.9 48,0 43.8 18.49 16,31 14,95




3.5 Student distribution

Random variable

Jn

t =

u
Jv
where U and V —independent random variables, and U € N(0 ) v.e H;(n)

have Student distribution of with K degrees of freedom and notated as Ti(n).

Probability density function of Student distribution

p(”ﬂj i
2 X 2
fi(x)= —[1+—J
Vnﬁ[(gj

Curve probability density of Student distribution are represented on fig. 3.4.
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At N —> 9O Student distribution converge to normal distribution N0  However at
small n (n <30) it considerably differs from the normal.
The mathematical expectation of Student distribution (n > 2):
E(t)=0
The dispersion of distribution of Student distribution (n > 2):
D(t)=n/(n-2)

There are table satisfying to equality

P(-t  <t<t )=v,

The table 3.3
I;V,/(
y= | fixdx
ey fy(x)
Y
X
_t'/,k t}f,k
Y
k 0.90 0,95 0,98 0,99
1 6.31 12,71 318 63,7
2 2,92 4.30 6,96 9.92
3 2.35 3,18 4,54 5.84
4 2.13 2.77 3,75 4.60
5 2.02 2.57 3,36 4.03
6 1.943 2.45 3,14 4.71
7 1.895 2.36 3,00 3,50
8 1,860 2.31 2.90 3.36
9 1.833 2.26 2.82 3,25
10 1.812 2.23 2,76 3,17
12 1,782 2.18 2.68 3,06
14 1.761 2.14 2.62 2.98
16 1.746 2.12 2.58 2.92
18 1,734 2.10 2.55 2.88
20 1,725 2.09 2.53 2.84
22 1,717 2,07 2.51 2.82
24 1,711 2.06 2.49 2.80
30 1.697 2.04 2.46 2.75
40 1,684 2,02 2.42 2,70




3.6 Fisher distribution

Random variable

f=—mj,
mw

where V and W_independent random variables, V € Hi(m)we H;(n)

have Fisher distribution with ', N degrees of freedom and notated as Fi(m,n),

Probability density function of Fisher distribution

r n+m "
2 nomo ot
nZm?2 X >0,

f(x,mn)={ _(n)(m L
F@F@ (n+ )

0, x < 0.

where n, m - whole numbers (n >0, m >0)

Curve probability density of Fisher distribution are represented on fig. 3.5.



These are the asymmetrical curves located on a positive X-semiaxis which reach a
maximum near to a pointXx =1,

The mathematical expectation of random variable with Fisher distribution

. n
n—-2'
The dispersion random variable with Fisher distribution:
D _ 2n°(m+n—2)
* m(n—2)2(n—4)"

My

3.7 Gamma distribution

Probability density function of random variable with Gamma distribution:



1
f (x.a,b)=1T(a)b?

x*te b x>0 b>0 a>0,

0, x <0.

where a, b - distribution parameter (a > 0, b >0)

The mathematical expectation of random variable with Gamma distribution
m, =ab,

The dispersion random variable with Gamma distribution:

D, = ab”?.



Lecture 4
Let a certain random variable X is exposed to the determinate transformation ¢,
as the result of which the variable Y will appear, i.e. Y = ¢(X) . It is obvious that variable

Y will be random, and, as a rule, it is necessary to determine the distribution law and/or
numerical characteristics of the random variable Y under the known distribution law

of variable X and the form of transformation ¢.

4.1. The distribution law of the random argument function

In case that X —is a discrete random variable with a known probabilities distribu-

tion series:

X| Xl X2 cee Xn

Pi P1 P2 Pi
then it will be easy to determine the probabilities series of Y. SinceY = ¢(x), then the

value Y, = o(X )will appear with probability p;:

Yi o(X1) o(X2) o(Xn)
Pi P1 P2 Pn

From the given series, by ordering and combining identical values, we obtain the dis-

tribution series of random variable Y:

Yi Y1 Yo Ym
P P1 P2 Pm
If X — is a continuous random variable with a known probability density f(X),

then the algorithm of obtaining the distribution law Y = ¢(x) depends on the kind of ¢.
We consider the abscissa axis section [a, b], on which all possible values of variable X
are put, i.e. p(@< X <b)=1, in a special case a=—o0,b =+ The way of solving this
problem depends on the behavior of function ¢ on the section [and, b]: whether it is

monotonic on this section or not.



4.1.1. Monotonically increasing function
Let Y =¢(X)-is a monotonically increasing function. We determine the cumu-

lative distribution function G(y) of the random variable Y. By definition, it is equal to

w(y)

G(y) = p(Y <¥)=p(p(x) <y)=p(X <y ()= [ f,()dx,

—00

where y(y) — is the inverse function of ¢(x).

t Y=o
w(b)p — == .

X<y(v)

To fulfill the condition Y <y, it is necessary and sufficient, that the random var-

iable X will get on the abscissa axis section from a to y(y). Thus, the cumulative dis-

tribution function Y for the argument X distributed in the interval [a, b], equals:

0,y <wy(a),
w(y)

G(y)=1 | fx(dxp(a)<y<y(b), (4.1)

a

1y > w(b).




4.1.2 Monotonically decreasing function
Let Y =¢(X)-is a monotonically decreasing function. We determine the cu-

mulative distribution function G(y) of the random variable Y. By definition, it is equal

to

G(Y) = p(Y <¥) = ple(x) <¥) = p(X >w (V)= [ f, (X)dx,

w(y)

where y(y) — id the inverse function of ¢(x).

t Y=o

Y J.b

Q
3
O U S

X=wi(y)
To fulfill the condition Y <y, it is necessary and sufficient, that the random var-

iable X will get on the abscissa axis section from x = y(y) to b. Thus, the cumulative

distribution function Y for the argument X distributed in the interval [a, b], equals

0,y <w(b),

b

G(y) =1 [ fx(dxpb)<y<y(a), (4.2)

w(y)

1y>wy(a).



The probabilities density of the random variable Y = @(x) for any monotonic
case looks like:
O’ y < ymin1

ay)=G'(Y) =1 Fx W' | Yoin <Y = Vi (4.3)
0,Y> Vinax-

Example. Let the random variable X has the normal distribution law

1
o~N27

Function Y =¢(xX)is strictly monotonic, differentiable and has inverse

f(x)=

e 2" 'y — X3 Find g(y).

X =w(y)=3 . We apply formula (7.1). Since

1 —y2137262

fdww»=tdy)=;$§£ ,
1

1/3)! 3y2/3 ’

w'(y)]=|(y

then the desired probability density function of functiony = X®:

—y?'3/252

Q(Y)—-————l————-e
3oy?*J2rx



4.2. Simulating of the random variable with the given distribution law by func-
tional transformation

Here we consider an important for the practice problem about simulating the
continuous random variable Y with the given distribution law by the functional trans-
formation of other random variable with the known distribution law.

The problem is put as follows: there is a random variable X with uniform distri-
bution in the range [0; 1]

0,x<0,

f(x)=4L,0<x<],
0,x>1.

Question: to which functional transformation Y =9(X) it should be subjected, so

that the random variable Y had the given cumulative distribution function G(y),

We prove, that for this purpose it is necessary to subject the random variable X to

1
functional transformation’ =G (X) :

-1
where & (%) _js the inverse function of the required cumulative distribution function
G(y).

Let's represent the plot of the cumulative distribution function € (Y) = P(Y <Y).

Gy)
7

T =6(y)

X<x ZX |




Since the cumulative distribution function G(y) of the continuous random vari-

able Y is a continuous monotonically increasing function, then the inverse function

-1
G (x) will also be a continuous monotonically increasing function, and equations

from paragraph 4.1.1 can be applied:

G(y) G(y)

p(Y <y)=p(G () <y)=p(X <G(y) = [ f(X)dx= [ 1dx=G(y)

Which was to be proved (Q.E.D. (quod erat demonstrandum).
Example. Let it is required to obtain a random variable Y ,which has the expo-

nential distribution law

_y
G(y) = l-e #,y>0,
0, y<0,

We find G (%) inverse function of the desired cumulative distribution functionG(y):

y

Xx=G(y)=1l—-e * = y=G (X)) =—-2In(0l—Xx) .



Lecture 5

5.1. The law of large numbers

Let the experiment is carried out, in which we are interested to know the value
of the random variable X. When single replication, it is impossible to tell in advance,
which value the variable will assume. But in case of n-fold (n> 100... 1000) experiment
repetition, the "mean™ (arithmetic mean) value of variable X loses a random character
and becomes close to a certain constant.

The law of large numbers — is the set of theorems determining the conditions of
tending of random variables arithmetic mean values to a certain constant when carrying

out a great number of experiments.

5.1.1. Chebychev’s inequality

Chebychev’s inequality. For any random variable X with mathematical expectation my

and dispersion Dx the following inequality is fulfilled:

p(X —m < D§ , (5.1)

wherees >0.

Proving. We consider probability P(X|=2) ;

p(X[2e)= [ foodx=[ = X—f(x)dx<j —f(x)dx_iz j X2 F (x)dx <

‘X‘>g ‘X‘>a ‘X‘>£
1% |v|[x 1
< [O f (x)dx =
M[X 2] _ .
Thus P(X|= &) < 2 Having replaced the non-centered variable X by

° M[(X-m,)*] D
thecenteredX:X—mx,wewillobtainp(\X—mx\Zg)g I( = X)]:g;{




Example. We determine the probability that the random variable will assume the

value outside the interval3s, . We suppose in Chebychev’s inequality € =30%x  we

have:

D 1
X—-—m,|>30,)<—2-==%=0,11

Chebychev’s inequality gives only the top border of probability of the given devia-
tion. The probability value cannot exceed this border (0,11) at any distribution law.

Therefore, the rule 3o, is fulfilled with probability not less than 0,89.

Probability convergence. The sequence of random variables X, converges in

P
probability to variable a, X, —> a, if with increasing of n the probability of that X,

Nn—oo

an a will be arbitrary close, unrestrictedly verge towards unity:
p(X,—al<e)>1-5,

whereg,6— are arbitrary small positive numbers.

One of the most important forms of the law of large numbers — Chebychev’s
theorem, it establishes relation between the arithmetic mean of the observable random

variable values and its mathematical expectation.

5.1.2 Chebychev’s theorem

Let n identical independent experiments have been carried out, in each of which
a random variable X has assumed values X1, X, ..., X,. At a great enough number of
independent experiments, the arithmetic mean of the random variable X values con-

verges in probability to its mathematical expectation:

=X > my (5.2)



. : . 19 . .
Proving. We consider variableY = HZ X . We determine numerical charac-
i=1

teristics of Y (see (11.5), (11.7)):

13 13 1
m, :M[_in]:_zM[xi]:_nmx = My,
n 5= n 5= n

Dy

13 1 1
D ——D—E X ———E DI[X.]=—nD, =
Y [n — |] n2 — [ |] n2 X n

Let's write down Chebychev’s inequality for variable Y:

p(lv-m|2)= p{[FE X - |2 o)< 2 B
i=1

2
No matter how small is number ¢, it is possible to take such a large n, so that inequality

& €N

D . . : .
2>;]<5 will be fulfilled, where - &is an arbitrary small number. Then
&

l n
p HZ X;—my |2 8} <&, When transition to complementary event
i=1
13 . : .
p HZ X;—my|<é& |>1-5 je. Y converges in probability to my.
i=1

12.1.3. Bernoulli theorem

Let nidentical independent experiments have been carried out, in each of which
event A is possible with probability p. Then the frequency of occurrence of event A
in n experiments converges in probability to probability of occurrence of A in one ex-

periment:

P (A) —> p(A), (5.3)

o _ _ ) m
where p’(A)-is frequency of event A in n experiments P (A) = o

m — is the number of experiments, in which event A has occurred;



n — is the number of the conducted experiments.

Let random variable X — is the indicator of event A:
1,4
X = —
0,4’
then X; — the indicator of event A in i-experiment.

Numerical characteristics of indicator X of random event (see (2.1)):
my = p,Dx =adp
where g- is the probability of realization A, q=1-p.
Let's apply Chebychev’s theorem:

13 m x p
=3 Xy=—=p(A) > m =p=p(A),
n'=l n n—oo

12.2. The central limit theorem

The given theorem determines conditions at which a random variable with the
normal distribution law appear. Various forms of the central limit theorem differ be-
tween themselves by the conditions imposed on distributions of the sum of random
summands X3, X, ..., Xn. The more strict are these conditions, the more easier the the-
orem is proved; the wider conditions, the more difficult is the proving. Here we con-
sider one of the most simple forms of this theorem, namely, the central limit theorem
for equally distributed summands.

Theorem. If X3, Xo, ..., Xy — are independent random variables having one and

the same distribution with mathematical expectation m and dispersion o, then with

unbounded increasing of n (n —«) the distribution law of their sum ¥ = ZXi IS un-
i=1

boundedly approaching to the normal law with parameters

m, =n-m, O'Y:o'\/ﬁ. (5.4)



A more general form of the central limit theorem we present without proving.

Lyapunov's theorem. If X3, X5, ..., X;,—are independent random variables having

similarly identical dispersions D, = D mns Vi, then with unbounded increasing of n

n
(n—o0) the distribution law of their sum Y = > X s unboundedly approaching to
i=1

the normal law with parameters

mY:Zn:mi’ O-Y:a\’iDi : (5.5)

The requirement D, = D, Vimeans that no one of the summands is not dominant

(the effect of all X; on the sum Y is approximately equal).

Thus, normal distribution occur when a lot of independent (or weakly depend-
ent) random variables are summed, which are comparable by their influence on the
sum dispersion. In practice, such conditions are quite often. Let we consider deviation
Y of a certain parameter, for example, of a radio-electronic device from the face value.
This deviation (at known assumptions) can be presented as the sum n of elementary
deviations associated with separate reasons:

Y= Z Xi,
i=1
where, for example:
X1 — deviation caused by the temperature effect;

X, — deviation caused by the air humidity effect;

Xn — deviation, caused by insufficient product material purity.

The number n of these elementary deviations is quite great, as well as the number
n of the reasons causing the total deviation Y. Usually the summands X3, X2, ..., Xnare
comparable in the effect on the sum dispersion. Really, if any of the random variables
X1, Xz, ..., Xn will produce significantly greater influence on the sum dispersion than

all the others, it would be natural to take special measures to eliminate the main reason



of dispersion; if no such measures are undertaken, it can be assumed that remaining
random summands are comparable in their effect (uniformly small) on the sum disper-
sion.

The normal law is widely spread in engineering. In most cases parameter meas-
urement errors, control commands errors and an input errors of various quantities into
the technical device are distributed by normal (or close to normal) law. Such error can
be usually presented in the form of the sum of many «elementary errors» X;, each of
which is associated with a separate reason almost independent from others. Laplace
and Gauss substantiated the normal law for the first time exactly in application to the
theory of errors.

In practice, when summing up variables with similar distribution law, the distri-
bution law can be considered normal, if n>10... 20.

Example. Let X—is the random variable uniformly distributed within the interval
[0, 1], and is generated, for example, by the pseudo-random variables generator. Based
on the central limit theorem, the variable

12
Y = a(; x, —6) +m (5.6)

will have almost normal distribution law N(m, o) with parameters m, .



Lecture 6

6.1. Mathematical statistics. Basic concepts

Mathematical statistics is the science dealing with methods of processing the
experimental data, obtained as a result of random phenomena observation. Each such
result can be presented as a set of values assumed by one-dimensional or multidimen-
sional random variable resulting from n experiments.

The experiment (general) population is the set of objects from which the sample
Is made. Each of the objects gives a fixed value of the random variable X. The number
of objects N included into the general population is called population size. It can consist
of uncountable set of objects.

Sample — is the set {x,x,,...,X,}of randomly selected objects (values) from the
general population. The sample size n is the number of objects included into the sam-
ple.

The sample features the requirement: it should adequately represent the general
population, i.e. to be to representative. By the law of large numbers it can be stated
that the sample will be representative, if it is drawn randomly and each of the general
population objects has the same probability to get to the sample.

The elementary processing of sample consists in its sorting, that is in an arrange-

ment of sample values as their increase: @) <X(n). The sample located in

increasing order of values

{)A(l,f(z,...,f(n},

is called as a variational series. The element X, of a variational series is called
variants or k-th order statistics. So, minimum sample values is called as first order sta-
tistics,
min( X;, X ..., X,) = %;»
Maximum — n-th order statistics,

MaxX( X, Xy ey X, ) =X+

n



Example 6.1. For studying of growth of 5 men in centimeters has appeared equal are

at random selected*1 =175 X, =190 X3 =180 X, =173 X5 =178 Thjs data makes
sample in size N=95. A variational series for the given sample looks like : %, =173,
%,=175,%, =178 %, =180, %, =190.

One of the main tasks of mathematical statistics is to determine the distribution

law of random variable X.
6.2. The distribution law estimate

6.2.1. Empirical cumulative distribution function
Empirical cumulative distribution function of the random variable X is equal to the
frequency that X will assume the value smaller, than the function x argument, and is

determined by the formula

F'()=p (X<x)= (6.1)

1, x>X,.

At n— o the empirical cumulative distribution function F~(x) converges in proba-

bility to the theoretical cumulative distribution function and is its consistent estimate,

that is for all X
p
F'(xX) > F(xX).
The proof. We will consider event A=(X <X).Then pP(A) = p = E(x) - AS

F(0="=p'(A),

where m —quantity of sample values which it is less x,
P (A)- frequency of event A

and under the Bernoulli theorem it is received



p*(A) > p(A),

Or

F(x) > F(x).

Fig. 6.1 Empirical F*(x)and theoretical F (x)of cumulative distribution functions

Example 6.2. We will use the data about growth of men from an example 6.1 sections
1.2 for obtaining the empirical distribution function. Since the variational series looks

like % =173 %, =175 %, =178 %, =180, %, =190 , then by formula (6.1) we will obtain the

function presented on fig. 6.2.
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Fig. 1.2 Empirical cumulative distribution function for an example 6.2

The basic properties of function F™(X):

1.0<F (x)<1

2. F7(x) - non-decreasing step function.

3. F(x)=0, forx<%.

4. F(x)=1, forx > X,.

The empirical cumulative distribution function is the best estimate of the distribu-

tion law (unbiased, consistent, efficient). The disadvantage of function F (x) consists

in its low visualization: it is difficult to determine the distribution law of the random

variable X visually.

6.2.2. The interval statistical series

The probabilities interval statistical series is a next table:



j A B; hy v p; f/
1 A1 B 1 h1 Vi p; fl*
M Aw Bwm hw 14Y p:,l fh;

Were j — is the interval number;
M — is the number of non-overlapping and adjacent to each other intervals, to

which the range of values [, X,] is divided:

{int(\/ﬁ), n <100,
M ~ (6.2)
int((2+4)-1g(n)), n>100,

where int (x) — is the integer part of number x (it is desirable that n will be

divided without remainder by M);

Aj, Bj - are the left and right boundaries of j-interval (B; = A;,;— intervals adjacent

to each other), therefore A =X, By, =X,

hj —is the length of j- interval h; = B; — A;;
M

v; — Is the quantity of numbers in the sample, getting to j-interval, Z;Vj =n;
=

m *
pj=1

i
n 43

p’; — is the frequency of hitting to j- interval; p’; =

Pi Vi

nhj

fj*— Is the statistical probability density in j-interval fj* =4
j

When constructing the interval statistical probabilities array, the following meth-

ods of dividing the value range to intervals are used:

1) equal-interval, i.e. all intervals are of the same length:
(6.3)

S
hj=h==r"=L, vj;

Aj=Aig+h=%+(j-1)-h j=2M; (6.4)



2) equiprobable, i.e. interval boundaries are chosen so, that in each interval will

be the same number of sample values (it is necessary that n will be divided without re-

mainder by M):
N * 1 ..
VJZVZV’pj:VVJ; (6.5)
Aj _ )A((j_l)v +2)?(j_1)v+1 i 7M. (6.6)

6.2.4. The histogram

The histogram — is the statistical image of the of probability density plot f (x)
of the random variable, it is constructed by the interval statistical array. The histogram

represents the set of rectangles constructed, as on the base, on intervals hj of the in-

terval statistical array with the height equal to the statistical probability density f j* in

the corresponding interval.

For equal-interval method, all histogram rectangles have identical width, and
for equiprobable method — the identical area. The areas sum of all histogram rectangles
equals to 1. The advantages of the histogram: simplicity of construction, high visuali-

zation.

x) /N

Y

Al Bi A3 B3 A B Av Bu



Fig. 6.3 Histogram and corresponding to it theoretical
Probability density

It is easier to determine the distribution law of the random variable X by the histo-

gram shape, than by the plot of the empirical cumulative distribution function F™(x).
Let's consider properties of the histogram as f *(x) estimations of theoretical density

of probability f (x).

Fig. 6.3 Histogram and corresponding to it theoretical

probability density

Let Z1: Z2:--:Z1 —points of splitting of an interval of selective values of a random variable
X on intervals |,Mi —quantity of the sample values which have got to ith interval

(zi5Zi1) | n —sample size. If maximum from splitting intervals aspires to zero at in-

crease sample size n the histogram converges f*(x)in probability to theoretical proba-

bility density f(x) and is its consistent estimate, that is for any ¢ > 0



Pl f " (x)—f (x)> g)nzco.

The proof. For empirical cumulative distribution function random variable & it is

possible to write down two conditions:

P(l F; (Zi+l) - Fg(ZiJrl) |> 81) nzoo !
P(F; (zi) = Fe(z))>&,) - 0
n—oo

P(IEX(z: —FX(z)=F.(z: )Y+ FE.(z) > —>
(I Fe (zisa) = Fe (zi) = Fe (Zis) + F2 (20) | 83),1%00 €3 = &1+ £2Having

Then
chosen, €3 =€(Zi1 — Zi) €>Owe will receive
F:(zi1)-F: (2 ) Fe(zin) - Fe(z )|>g 50

Zin — Zixg — 7 n—>e

P |

IfZiv1 = Zi,

Fe(Zi0) - Fe(zi)

—>F(z;)=1:(z)

Ziy — 4 ,
FS(zi,,) - FZ (z;
§(|+1) §(|): m =f§(Zi)
Ziy1 — I r](Zi+1 - Zi)

P(f:(z))-f:(z))>e) — O
N—o0
Zi1
The remark. If splitting intervals do not decrease in process of increase in sam-

ple size the histogram will not be a well-founded estimation of density of probability.



Lecture 7

7.1. Point estimates of numerical characteristics

Statistical estimate Q" of distribution parameter Q is an approximate value of the

parameter calculated by the results of the experiment (by the sample). Statistical esti-
mates are divided into point and interval ones.

The point estimate is the estimate determined by one number. The point estimate
Q" of parameter Q of random variable X is generally equal to
Q" = (X, Xpreiey X1), (7.1)
where x; — are sample values.

It is obvious that estimate Q”is a random variable, since it is the function of n-
dimensional random variable (Xi..., X,), where X; — is the value of variable X in i-ex-
periment, and values Q will change from sample to sample at random. Estimates
should meet a number of requirements.

1. The estimate Q' is called consistent, if with increasing of sample n size it
converges in probability to the value of parameter Q:

Q—L Q= r!LrDO(P(‘Q* —Q‘ <g)=1Ve>0. (7.2)
The consistency is the minimal requirement to estimates.

2. The consistent estimate Q" is called unbiased, if its mathematical expectation
is precisely equal to parameter Q for any sample size:

M[Q]1=Q,vn. (7.3)

3. The consistent unbiased estimate Q is efficient, if its dispersion is minimal

regarding dispersion of any other estimate of this parameter:

D[ Q" |=min. (7.4)

7.1.1. Mathematical expectation estimate



Based on Chebychev’s theorem, as a consistent estimate of mathematical expec-
tation, the arithmetic mean values of sample X can be used, which are called sample

mean:
* 1&
my =X==>X. (7.5)
Ry
Let's determine numerical characteristics of estimate X .
_ 13 13 1<
M[X]= M[_in]:_ZM[Xi]:_me =My,
n = n = )

I.e. the estimate is unbiased.
1
_2

=1

D[x]= D[ ZX]— ZZD[X]— D, ==D, (7.6)

Estimate (14.5) is efficient, i.e. its dispersion is minimum, if variable X is dis-

tributed under the normal law.

7.1.2. The ordinary moment estimate

The consistent ordinary moment estimate of k-order based on Chebychev’s the-

orem is determined by equation

a (X) :%-Z;:(xi ). (7.7)

7.1.3. The dispersion estimate

As the dispersion consistent estimate, the deviations squares arithmetic mean of

the sample values from the sample mean can be used:

RED NCR ) R H 09

Let's determine mathematical expectation of estimate S2. Since the dispersion
does not depend on the choice of the coordinate origin, we will choose it at point my,

I.e. we pass to centered variables:



M[SZJ=M[%i>53—(%i>3ij]= ”Zlixof ;xm—

ZZM[X X ]—— D, ZZK

i<j =1 i<j

Covariance K; =0, since experiments and consequently, and .X; (the value of var-

iable X in i-experiment) are independent. Thus, variable S?is the biased estimate of

dispersion, and the unbiased consistent estimate of dispersion equals:

1 & 1 n
522—322— == M x¥-——X2
® n-1" n-1 ,Z:‘ n-1<" n-1 (7.9)

The variable dispersion S¢ is equal to

T (7.10)

For the normal distribution law of variable X formula (14.10) will be of the form
2 D2

D[S?] =
[S51= =5 0 (7.10)
for the uniform distribution law —
0,8n+1,2
D[S?’]~ ——D2
[S°] nn_1 % (7.12)

The consistent unbiased estimate of RMSD is determined by equation:

So =+/S2. (7.13)

If sample is taken from normal distribution it is possible to show, as S will be asymp-

totic effective estimations of a dispersion .

7.1.4. The central moment estimate

The consistent estimate of the central moment of k-order equals:

uE(X)=%~ZnL(Xi -x)". (7.14)

i=1



7.1.5. The probability estimate
Based on Bernoulli theorem, the unbiased consistent and efficient probability
estimate of the random event A in the scheme of independent experiments is equal to

the frequency of this event:

p(A) ==

—, (7.15)

where m — is the number of experiments, in which event A occurred,

n — is the number of the conducted experiments.

Numerical characteristics of the probability estimate p (A) = p~ are equal to:

M= p(A) = p, DIp']= P2 (7.16)



Lecture 8

8.1. The distribution parameters estimate

To calculate the distribution parameters estimates, most often method of mo-
ments and method of maximum likelihood are used.

Method of moments. Let there is sample {X;..., x_}of independent random vari-
able values with the known distribution law f(X,Q,...,Q,,) and m unknown parame-

tersQ,,....Q,. It is necessary to calculate estimates Q,,...,Q,, of parametersQ,,...,Q,,.

The calculations sequence is the following:
1. To obtain analytical expressions m of ordinary and/or central theoretical mo-

ments:
&, (%,.Q-n Q) =M X* ],

14.(x,Q,..Q )=M [(X _mx)k:|' (8.1)

2. To determine m corresponding estimates of ordinary ¢, (x) and/or central
14, (X) moments under formulas (7.7, 7.14).

3. To set up and solve with respect to unknown parameters Q,,...,Q,, the system

from m equations:

a (%,Qy,-, Q) = o4 (X),

(6, Qs Q) = 4 (X)

in which theoretical moments are equated to point estimates of the corresponding mo-
ments. Each equation looks like o, (X) = oy (X)or £ (X) = 14 (X) . Solving this system,
we obtain estimatesQ, , ..., Q,, of unknown parameters.

Note. The part of the equations can contain ordinary moments, and the rest —

central ones.



: . 2
Example 8.1.Find the estimates of parameters aand© of the normal general popula-

tion N(a,az) by the method of moments.
Problem solution(Answer). Theoretical moments are equal ,, — E(x)=a 4, = D(X) = &

. By equating them to the corresponding sample moments, as estimates, we obtain the

known to us the sample mean and sample dispersion:
n

l n
Gl=——) (x,—%X)"=5°
n—lZ‘(' ) .

Example 8.2.Find the estimates of parameters a, b of the uniform distribution U(a,b)

by the method of moments.
Solution. Theoretical moments of the uniform in distribution U(ab)are equal to

2
(b-2) . By equating them to the corresponding sample mo-

al=E(X)=aT+b H, =D(X) =

ments, we obtain the system of the equations
a+b _
=X

2 ,

(-2
12

Rewriting this system in the form
b+a=2x,

b—a:2\/§s,

We obtain estimates



Method of maximum likelihood. According to the given method, estimates

Q,,...Q, are obtained from the condition of the maximum for parameters Q,,...,Q, of

the positive likelihood function L(X;,...X,,Q,,....Q,,) .

If random variable X is continuous, and values xj are independent, then

L(X11'--Xn’Q1’""Qm) :ﬁ f(Xiinl"'an)

If the random variable X is discrete and assumes independent values xj with probabili-

ties P(X =X)=p(%,Q....Qn), then the likelihood function is equal to

L% Xy, Qo Q) = [ [ P04 Q1 Q1)

According to this method, the system of equations can be written in two forms:

8L()(1,...Xn,Q1,---lQm) =0 J:]_ 2 m
Q. o

Often this system is simplified by means of the following technique. Since any function

(8.2)

and its logarithm reach the extremum at the same argument values, then often not the
likelihood function is maximized, but its natural logarithm:
oIn(L(x,..X,,Q;,....Qy))
0Q;

If one takes into account, that the likelihood function is represented in the form of

=0,j=12,...m. (8.3)

the product, then its logarithm is represented in the form of the sum

LQ- Q) =D £(6,Qyr,Q,).

and the system of the equations will be transformed to the form

ané In ff(xiin""!Qm)=O, j:]"m. (8.4)

i-1 O




Solving this system, we obtain estimates Q; ,..., Q,, of unknown parameters.

Example 8.3.Find estimates of parameters & and o of the normal general population

N(a,5®) by the method of maximum likelihood.

Solution. The general population probability density is known accurate within two pa-

2
rameters@d O :

_(x—a)2

20

1
e
\ 2o 2

Let us maximize the logarithmic likelihood function, for what we find

fr(x,a,0%)=

1 LYW (x;, —a)°

xﬁ 2 B 202

We find partial derivatives for the estimated parameters

In - (x;,a,0°) =In(

V7 2 Xi —a

c

1 (% —a)?

202 25°

%
P In f-(x;,8,0%)=-

To obtain estimates, it is required to solve the system of equations (2.3) which looks

as follows
n L —
2 - 2 “=0
i=z1 O
n _a)2 2
Li=1 20

From the first equation we find

Substituting X for@ to the second equation, we obtain



: . : : 2
We see that the maximum plausible (likely) estimate of parameters@ and O ~ of the

o - : . :
normal distribution are sample average X and the sample dispersionS .These esti-
mates not differ from the estimates obtained in Example 8.1by the method of moments.

Let us pay attention to the estimate structure of the parameter @ :
_ 1 n n l
n z ' Z n '

This is the linear function of the sample values taken with identical weight factors 1 .
n

Such structure of the estimate is quite clear, since all sample values have the same
dispersion, and there is no reason for weighting to them various weight factors.
Example 8.4.Find the estimates of parameters a, b of the uniform distribution U(a,b) by

the method of maximum likelihood .

Solution. Since the probability density of the uniform distribution U(a,b) 100ks as fol-

lows

i a<x<b
fé‘:(X): b_a, ’
0, x<a,x=>b,

then the likelihood function is equal to

n 1
Lab)={p 5
0, uHaue.

A< Xg, X9 ,..0X, <D,

Since b>a, and the likelihood function increases with increasing ofb and decreasing
ofa, then with the account for the restrictions in the likelihood function expression, we

obtain the following estimates:
& =X(1) =MiN(X;, Xz, X ) b = X(ny = MaX(Xq, Xz, Xn )

These estimates differ from the estimates obtained in Example 8.2 by the method of

moments.



8.2 Parameter estimation by the results of unequal measurements

In a number of practical problems, it is required to solve the following problem. A

certain physical value(for example, voltage ), is measured by measuring devices having
various accuracy of measurement. It is required to define the true voltage value by the
results of these measurements.
Since more often the errors of metering devices measurements are considered to be
distributed by the normal law, then the given problem can be formulated as follows.
The parameter @ is the average value N of normal general populations with the proba-
bility density

_(x—a)2 i N

2 1=1,n

f(x,a,067)= e ,

1
\2ro?

X1 X21--Xn from these populations, containing one sample value

There is the sample
from each population. It is required to find the estimate & of the parameter @ according
to the available data.

For the solution of the given problem can be used the method of maximum likeli-

hood. The logarithmic likelihood function for one sample value Xilooks as follows

1.1 (x. —a)’
In f.(x,a) =In(—=—)—=I g -3 :
n f(x,a) n(\/g) 2”0' 207
Hence we obtain the derivative
d X, —
—(In f.(x,a)=-
da( |( i ) O_iz
and the equation for estimating
N X; —a
Z ;=0
=1 O'i

After transforming this equation to the form

n n
ZO'i_ZXi —aZO'i_Z =0

i=1 i=1



weobtain the estimate

This is also a linear combination of sample values, as in example 8.3 for uniformly
i . i i -2 . i
precise measurements, but with different weights of i . In this case, the weight of

observation i is inversely proportional to the observation dispersion @i . At identical
dispersions of observations, such estimate is reduced to the estimate, obtained in ex-

ample 8.3.



Lecture 9

9.1 Interval estimate of numerical characteristics

A confidence interval for a certain parameter Q is the interval (Q,;Q,) covering

the value of parameter Q with probabilityy:

P(Q. <Q<Q)=7r. (9.1)
The value y is called the confidence probability,

(Q;Qy), —are the lower and upper confidence limits, respectively,

(Q, —Q,)-is the length of the confidence interval.

The confidence probability 7 is selected close to 1 from the set of numbers: 0,9;

0,95; 0,975; 0,99. The confidence interval for parameter Q is also called the interval
estimate of this parameter.

The problem of constructing the confidence interval is formulated as follows. The

probability density of the general population is known within the parameter Q, that is,

f (X, Q) is known. It is required to find the interval (Q,;Q,) of the form (9.1) by the

sample X, X,..., X, from this this population.

Since two limits of the confidence interval are determined from one equation
(9.1),then there is an infinite set of intervals, satisfying this equation.
To solve the unambiguity problem, from the equation (9.1) we pass to two equations:

{P(Q >Qy) =,

PQ<Q)=a,, 6-2)

where @1 T &2 :1_7/.

1_
The confidence interval is called symmetric, if ¢, = o, = = T}/ .

The symmetric interval is constructed on the basis of the following system of the equa-

tions:



PQ>Q,)= 1‘77
9.3)

=

P(Q < QL) =

4
2 b
Usually, constructing the confidence interval is imply constructing symmetric confi-

dence interval.

0.4

0.35

0.3

0.25

0.2

0.14

0.1 -

0.05

Fig.. 9.1 lllustration of the symmetric confidence interval construction technique

For constructing the symmetric confidence interval for unknown parameter Q,

the point estimate Q"is usually used. It is obvious, that for constructing the confidence
interval the distribution law f(Q") of random variable Q" should be known. The diffi-
culty consists in the fact that the distribution law of point estimate Q depends on the
distribution law of variable X and, hence, on its unknown parameters (in particular,

also on parameter Q itself). To solve this problem, we use the fact, that variable Q

represents, as a rule, the sum of n independent equally distributed random variables



and, according to the central limit theorem, at large enough sample size n (n>10...20

), its distribution law can be considered asymptotically normal. In this case, the confi-

dence interval based on law normalization of the point estimate Q (

f(Q) ~N(a,o?), where a=Q",5° =D[Q]), will look like:

ly(Q)=(Q*—2y -W;Q*Hy \/@)

where-Z, is the argument value of Laplace function, z, =arg®(y) i.e.®(z,) =7 (see

table 3.1, Lecture 3).
If the random variable distribution law is normal and this is known before the
experiment, then for constructing confidence intervals for mathematical expectation

and dispersion, exact formulas exist, which can be used at any sample size.

9.2 The confidence interval for mathematical expectation
The interval | 7(mx)for mathematical expectation of random variable X with un-

known distribution law with a large enough sample size n (n>10...20)looks like

Iy(mx){ JO_ X+2 T} (9.4)

If the random variable X is distributed under the normal law with parameters my

(Y_mx )\/H

So

and o, then variable T = is distributed under the Student’s law T, (N —1)

with (n - 1) degree of freedom.
Student’s distribution with k degrees of freedom has the following probability

density:

(9.5)

(5) ey
f, (1) = 2 (1+t—j |

il



where () = [t "e™'dt _is gamma function. For
0

In this case, the exact confidence interval with reliability » for mathematical ex-

pectation of the normal random variable has the form:

= Sy = S
Iy(mX):|:X_t;/,n—l°T?];X+t}/,n—l'T?]:|' (9.6)

where thet, , ,—is the value taken from the Student’s distribution table(see table 3.3,

Lecture 3).

fi(x)

&

bk L

X

9.3 The confidence interval for dispersion
The interval Iy(Dx)for dispersion of the random variable X with unknown dis-

tribution law for a large enough sample size n (n>10...20) looks like

2 / 2 L2.a2 / 2 <2
Iy(DX):{SO—zy n——180’80+27 nso] (9.7)

If the random variable X is distributed under the normal law with parameters my

2

and o, then variableV = % is distributed by the * (Chi-square) law H, (n—1)

X



with (n—1) degree of freedom, and the exact confidence interval with reliability for

dispersion has the form

2 2
1, (Dy) = (n2—1)SO ;(nz_l)SO , (9.8)

Ay,

-1 —.n-1
2 2

2 2
where X1y, .+ X1, —are the values taken from the table of distribution #° (see table

—n-1 —~.n-1
2 2

3.2, Lecture 3).

Formulas (9.6), (9.8) can be used at any sample size n (for example, n can be
less then 10), since these intervals |, are constructed based on the knowledge of exact
distribution laws of the variables relating Q andQ . Besides, if the random variable X
iIs distributed under the normal law and its dispersion o is known, then the exact in-

terval |, for mathematical expectation for any sample size n is determined by equation

(9.4), having replaced in it the estimate of RMSD S, by its exact value o .

9.4Theconfidence interval for probability
The interval |, for probability of event A in the scheme of independent Bernoulli

experiments looks like

. -p . , A-p
p_zy. w<p(p\)<p +Zy' w’ (910)

* * * m
where p — is the frequency of occurrence of event Ain n experiments p = p (A) = F;

m — is the number of experiments, in which event A occurred,;

n — is the number of conducted experiments;
z, —is the argument value of Laplace function, z, =arg®(y)i.e.®(z,)=7r (see

table 3.1, Lecture 3).



Lecture 10

10.1 Statistical check of hypotheses. Classification of hypotheses
Statistical hypothesis is any consistent set of assertions {H,, /..., H, } concern-
ing the random variable distribution properties. Any of assertions H, i=1, ..., kiis called
the hypothesis alternative. The most simple hypothesis is two-alternative: {H,, / }. In
this case, alternative H, is called a null hypothesis, and H, —a competing hypothesis.
To test hypothesis — means to make the reasonable decision about which of the

X11X21--:Xn from the general population.

alternatives is true by the sample
If as the result of the hypothesis testing any of the alternatives is accepted, other
alternatives are rejected, that is, are considered false.
The hypothesis is tested, based on the so-called hypothesis test criterion. The
criterion is the rule, allowing to accept or to reject this or that alternative by the avail-

able sample. Usually they accept or reject the null hypothesis H,,.
The alternative H, is called parametric, if it specifies the value of the certain

distribution parameter @ . Otherwise, it is called non-parametric.

The multi-alternative hypothesis H is called parametric, if all its alternatives are
parametric, and non-parametric, if at least one alternative is non-parametric.

The alternative H. is called simple, if it unambiguously determines the general
population distribution, and otherwise, it is called complex.

The multi-alternative hypothesis H is called simple, if all its alternatives are sim-
ple, and complex, if at least one of the alternatives is complex.

Let us present examples of hypotheses with their classification. Let the sample is

2 2
taken from the normal population N(&:6")and @o. @1, 00 _ are certain fixed num-

bers. We will formulate the following hypotheses:

1. {Hora=ag; Hyra=a}



This is a two-alternative parametric simple hypothesis about parameter & of the normal

general population.

5> {Hp:a=ay; Hyraza}

This is a two-alternative parametric complex hypothesis, since H, —is complex.

3 {H,: % =0¢; H1:02>(7§}.
This is a two-alternative parametric complex hypothesis about parameter o of the

normal general population.

Let fo(X)_ Is certain completely known probability density and ff (x) —is the
probability density of the general population. The hypothesis of the form

a {Ho: f2()=1fo(x); Hy: (%)= fo(X)}
Is a two-alternative non-parametric complex hypothesis — the so-called hypothesis

about the distribution law. Here the assertion is checked, that our sample is taken from
distribution To(X).

10.2 Significance criterion

Let the two-alternative complex hypothesis{H 0, H1} is under the test, where Ho_

Is a simple hypothesis, and H, —is complex. Such hypothesis is tested by means of
the so-called significance criterion.

On the basis of the significance criterion there is a certain scalar statistics

9= g(Xl,...,Xn)’ which represents deviation of the empirical (sample) data from the
hypothetical ones. The significance criterion allows to establish, whether the deviation
of the empirical data from the hypothetical is significant, that is, whether the value of
the statistics 9 is significant. From here is the criterion name.

The error of the first kind (alpha error) means that hypothesis H, will be rejected,
if it is true ("target drop-out"). The probability to make the error of the first kind is

designated « and is called the significance level. In practice, most often significance



level «is chosen from the following set of small numbers:{0.1; 0,05; 0,025; 0,01}, The event
with such a probability, can be considered almost impossible, that is, not appearing as
the result of one experiment.

The error of the second kind (beta error) means that hypothesis H, is accepted,

if it is false (“false alarm™). The probability of this kind of error is designated £. The
probability not to commit the error of the second sort (1- f) is called the power of test.
To find the power of test, it is necessary to know the criterion probability density of

the alternative hypothesis.
Let fg () _ is the probability density of statistics 9 . This probability density is

assumed known (provided that Ho Is true). The significance criterion looks as follows

P9[> 9u0)=a (10.1)

or
P(g>9,)=0c, (10.2)

or
P(9<014)=0 (10.3)

where@ — is significance level,
921294 Y10 are significance limits, or critical values.

The areas determined by conditions! 9> 9472, or9> 9 0r9 <914 are called criti-

cal areas. These areas are denoted in Fig. 10.1 — 10.3 by hatching.

Let us note, that since we use statistics distribution 9 provided that Ho is true, then &

represents the probability of deviation of the true hypothesis Ho and is also called the

error probability of 1st kind. The probability of acceptance of the true hypothesis Hyg

is equal to (1-a)



Criterion (5.1) is called bilateral or criterion with bilateral critical area. Criterion
(5.2) — right-sided. Criterion (5.3) — left-sided. The hypothesis is tested by the follow-

ing way. The significance level @ is chosen. By distribution tables of statistics 9 , the

significance limit92/2, orYa Y1-ais selected, depending on the criterion kind. Then

by the available sample and the formula for statistics 9 the empirical value of the
statistics Jvis calculated. If 19, > 9ar2 for bilateral criterion (5.1), or for 95> 94 for
right-sided criterion (5.2), or for 95 <Y1« for left-sided criterion (5.3), then the tested

hypothesis Ho

IS rejected.

Fig. 10.1 Critical areas for bilateral significance criterion
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In other words, if the empirical value of statistics gagets to the critical area, then
the hypothesis under test Ho IS rejected.
Hypothesis Ho Is rejected due to the fact, that there is a contradiction between hy-
pothetical and empirical data, which was revealed by the fact, that there was an

event which would not have resulted from the single experiment.

10.3. Hypothesis testing about probabilities equality

Let two series of experiments were conducted, consisting of n; and n, experi-
ments, respectively. In each of them, the occurrence of the same event A was registered.
In the first series event A appeared in k; experiments, in the second — in k, experi-

ments, therefore, the frequency of event A in the first series has turned out to be higher,

- ko k kg k - -
than in the second: p, = n—l > p, = n—2 . The difference between two frequencies
1 2

was equal to
U=p, —p,. (10.4)
Question: is this discrepancy significant or not significant? Whether it specifies
that in the first experiments series event A was really more probable, than in the second,
or discrepancy between the frequencies should be considered random?

We put forward two-alternative hypothesis {H,, /}, where:
H, — distinctions in probabilities do not exist, i.e. both series of experiments are

conducted in identical conditions, and discrepancy U is due to random reasons,

H, — distinction in probabilities exists, i.e. both series of experiments are made

not in identical conditions.
In this, case, null-hypothesis Hy consists in that both series of experiments are
homogeneous, and that probability p of occurrence of event A in them is the same,

approximately equal to the frequency, which will be obtained, if both series are mixed



k, + Kk,

intoone: p= p = .
nl —+ n2

At large enough n; and n; , each of random variables pf and p; is distributed

almost normally, with the same mathematical expectationm=p =~ p . As for disper-
sions D; and D, in the first and in the second series, - they are different and equal,

respectively, (14.16)
D~ PA=P) P-py)

1 ! 2
nl n2

As a criterion, we will use random variable U = p, — p, , which also has approx-

imately normal distribution with mathematical expectation M, = O and dispersion

(-0 ‘(-0 r— —
D,=D,+D, ~ pl(n pl)+ p2(n p2) . Whence oy, :\/Ez\/pl(ln p1)+ pz(ln P,) .
1 2 1 2

We determine critical point U, for the given significance level . form the equa-

tion:

U
a=pU ZUa)=0-5—<D(O_—“), leU, =0, -arg®(0.5-a).

u

If the value calculated by equation (15.1) is larger than the critical value, i.e.

U >U, , then hypothesis Ho is rejected, otherwise there is no reason to reject it.



Lecture 11

11.1. Hypothesis test about the distribution law. Fitting criteria
Let it is required to test the hypothesis that the general population has the specified
distribution. The criteria for testing such a hypothesis have obtained the name of the
fitting criterion,
The hypothesis about the distribution law is put forward and tested in the fol-
lowing way.
1. Construct the empirical distribution function plot F~(x) by the variational se-

ries, and histograms by the interval statistical arrays (equal-interval and/or equiproba-
ble).
2. Based on the graphs forms, put forward a two-alternative hypothesis about the

intended (hypothetical) distribution law:

H, — variable X is distributed under a certain law:

f(x) = fo(x), F(x) = Fy(x);
H, — variable X is not distributed under a certain law:
F(x) # fo(x), F(X) # Fy(x),

where fy(X), Fy(X) — is the density and cumulative distribution function of the hypo-
thetical distribution law.

The graph of the empirical cumulative distribution function F”(x) should be sim-
ilar to the graph of the cumulative distribution function Fy(X) of the hypothetical law,
and the histogram — to the density graph of the hypothetical distribution f;(X).

— 2

3. Calculate point estimates of mathematical expectation X and dispersion So :
and, using the method of moments or method of maximum likelihood, determine the
estimates of unknown parameters Q, ,...,Q, of the hypothetical distribution law, where

s <2 — is the number of unknown parameters of the hypothetical distribution law.



The estimates of unknown parameters a, b of the uniform distribution can be
determined by the formulas
a'=x-+3-S;, b'=x++3-5,
or

a=x, b=x

where ¥, X, — are the first and last values of the variational series, respectively.

The estimate of unknown parameter A of the exponential distribution can be
determined by equation
_1
2

ﬂ/*
Estimates of unknown parameters m, ¢ of the normal distribution can be deter-
mined by formulas:
m* = )_(, G* = SO
4. Test the hypothesis about the intended distribution law by means of fitting

criterion.

11.2. Pirson criterion

2
Pirson fitting criterion (X ) is one of the most frequently used criteria. The hy-
pothesis testing algorithm about the distribution law is the following.
1. Calculate the value of criterion ;(2 by the interval statistical array (equal-in-
terval or equiprobable) by the equation:
*\2 2
Pj) :%(Vj —np;)

i j=1 np;

M p _
7 :nz( ‘ , (15.2)
i P

where N —is the sample size;

M — is the number of intervals of the interval statistical array;



*

Pj Is the hitting frequency to j-interval,

v; —is the quantity of numbers in the sample, hitting to j-interval;

pj — theoretical probability of the random variable hitting to j-interval, provided

that hypothesis His true:

Bj
p; = P(A; < X <B;) = [ To(x)dx=Fo(B))— Fp(A)), (15.3)

A;

where fy(X), Fy(X) —is the density and cumulative distribution function of the hypo-

thetical distribution law.

When calculating p; and p,, as extreme boundaries of first and last intervals A,
Bwm , theoretical boundaries of the hypothetical distribution law should be used.
The variable ;(2 is distributed under the law, which is called distribution ;52.

The given distribution does not depend on the distribution law of variable X, but de-

pends on parameter k , which is called the number of degrees of freedom:

< (k
f(u)=4 221 (2) (15.4)

where T'(@) = [t“"e"'dt _is gamma function.
0

Since the analytical expression of the probability density ;(2 is rather compli-
cated, in practice the table of values ;(jyk , calculated from equation p(x* > 72 ,) =«

for various values k , is used.
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2. From the distribution table of x? the value 2, is chosen, where o — is the

set significance level (a = 0,05 or « = 0,01), and k — is the number of degrees of free-
dom, which is determined by equation
k =M-1-s,
where M — is the number of summands in formula (15.2), i.e. the number of intervals
of the interval statistical array;
s — is the number of unknown parameters of the hypothetical distribution law, the

estimate of which were determined by the original sample.
3. If the value ;(2 calculated by equation (15.2) is larger than the critical value, i.e.

7> ;(j’k , then hypothesis H, is rejected, otherwise there is no reason to reject it.

11.3. Kolmogorov criterion

The hypothesis is tested
Hy D F(X) = Fo(X)
against the alternative
H, : F(X) = K (x),

where F(x) — is cumulative distribution function of the general population, Fo(X) — is

the continuous hypothetical distribution function (completely known function).

The testing algorithm for the hypothesis about the distribution law by means of
Kolmogorov fitting criterion is the following.

1. Calculate the Kolmogorov criterion value, based on the empirical cumulative

distribution function F(x)



A=+n-Z, (15.5)
wherell — is the sample size;

Z — is the maximum deviation module of the empirical cumulative distribution

function F (x) from the hypothetical distribution function FO(X), deter-

n
mined by all n of values x; of the original sample Z = max
i=1

F*(Xi)_ FO(Xi)‘

The value Z can be determined with sufficient accuracy by graphs of functions

F'(x) and Fo(x) , Which stand in one coordinate system.

The variable 7is distributed under Kolmogorov's law, which does not depend on

the distribution law of variable X:
F() = (-1 (15.6)
k=—o0

Since the analytical expression of the cumulative distribution function F(A)is

rather complicated, in practice they use the table of values of 4, calculated from the

equation pO<A <A )=y,

f, )

A
Y

2. Choose the critical value 4,, y =1—«, where a — is the set significance level

(¢=0,050r a=0,01)fromthe Kolmogorov distribution table.



Kolmogorov distribution table

PO<A<A,) =Y

}“v Y

0,50 0,0361
0,54 0,0675
0,58 0,1104
0,62 0,1632
0,66 0,2236
0,70 0,2888
0,74 0,3560
0,78 0,4230
0,82 0,4880
0,86 0,5497
0,90 0,6073
0,94 0,6601
0,98 0,7079
1,02 0,7500
1,06 0,7889
1,10 0,8223
1,14 0,8514
1,18 0,8765
1,22 0,8981
1,26 0,9164
1,30 0,9319
1,34 0,9449
1,38 0,9557
1,42 0,9646
1,46 0,9718
1,50 0,9778
1,54 0,9826
1,58 0,9864
1,62 0,9895
1,66 0,9918
1,70 0,9938
1,74 0,9953
1,78 0,9965
1,82 0,9973
1,86 0,9980
1,90 0,9985
1,94 0,9989
1,98 0,9992

3. If the value 4 calculated at step 1 is larger than the critical value, i.e.A > 4,

then hypothesis Hy is rejected, otherwise there is no reason to reject it.



The advantages of Kolmogorov criterion compared to criterion ;(2 , are the pos-
sibility to apply it for very small sample sizes (n <20), higher "sensitivity", and there-
fore, less laborious calculations. The disadvantage is that empirical cumulative distri-
bution function F * (x) should be constructed by ungrouped sampled data, what is in-
convenient at large sample sizes. Besides, it should be noted, that Kolmogorov criterion
can be applied only in the case when hypothetical distribution is completely known in
advance from any theoretical reasons i.e. when not only the kind of cumulative distri-
bution function F, (x) is known, but also all parameters comprised by itQ;,...,Q,,. Such
case rather seldom occur in practice. Usually, only the general form of function F; (x)

is known from theoretical considerations, and the numerical parameters included into

it are determined by the given statistical material. When applying criterion ;52, this
circumstance is taken into account by corresponding decreasing of the number of de-
grees of freedom of k distribution. Kolmogorov's criterion does not provide this match-
ing. If this criterion is still applied in those cases when parameters of hypothetical dis-
tribution are determined by statistical data, it gives knowingly low estimated A values;
therefore we in some cases, we risk to accept hypothetical distribution as a plausible

hypothesis, which actually is ill-agreed with experimental data.



Lecture 12

12.1 Fitting criterion Mises-Smirnov criterion

The two-alternative hypothesis is under test
Ho tF=(x)=Fo(x); Hy 1F(x) = Fo(x)f

The quantitative measure of the deviation of the empirical data from the hypothetical

IS quantity

o? = [(F2(x) = Fo () dFo(x)
e | (12.1)

where Fe(X)_ is the empirical distribution function . We obtain the expression for
the numerical calculation of statistics ®” in the assumption that the hypothetical dis-

tribution function Fo(X)is continuous and derivative Fo(X) exists (the probability
density). Taking into account expression for the empirical distribution function, we

will break the real straight line into the intervals

(=0, X(1) ), [X(1):X(2) ), ”.,[X(n—l)’x(n)) [X(n)+o0)

where *(k)— is the order statistics, and we calculate integral (5.6) by these intervals.
We obtain

X1) n—1%X(k+1) 2 o
o = | FaO0P a0+ 3 | [K=Fol0] dra(0+ [l Fo(f dFo(0-
—© =1 Xy X(n)
:(F0(3X))3 B ORL [ - Fg(x))f”\w _
G i )
(k) (n
F03(X(1)) n—l(Fo(x(q+1))—q/n)3 ”‘1(F0(X(k))—k/n)3 (1_FO(X(n)))3
BCAMOL _ N
3 q=1 3 k=1 3 3



It is easy to notice that the first summand in the last expression can be included into

the first sum, and the last summand — into the second sum, that is to write down

(FO(X(q+1)) q/n) Z(FO(X(k))—k/n)3
3 k=1 3

>

If to introduce a new variable of summation k=0q+1jn the first sum, we will obtain

(Fo(x(k))—(k—l)/n)3 (FO(X(k))—k/n)3

> >
=] 3 k=1 3
Having denoted? = Fo(X( ) —K/n , we will have

v +1/n)® _iv3 Z(v +1/n)*-v? _

ket 3 k=1 3 ka1 3

n3VZ/n+3v/int+1/n® 1 2, 1
= =— V
-3 z( v Snj

3 Ng=1

Supplementing the expression under the sum sign to the full square byV , we will ob-

tain

n
a)Z:EZ(V2+2i+ 12— 12+ 12j:
2N 4n°  4n° 3n

Since

1 k 1 2k -1
V4 =Folxu) =+ =F _£ s
n 0( (k)) n 0( (k)) n

then we finally have

RS [ 2k — 1)
Fo(X()) 5=
T1n2 ngl 0 ,

The statistics of criterion w? looks as follows

2
n —_

Z=ﬂw2=i+ (Fo(X(k))—ZK lj
12n o 2N

(12.2)



For statistics z (5.7) at n — oo the limiting distribution exists for which Tables of per-

centage deviations (Tab. 5.2) are made. The criterion ®°is right-sided:

P(z>z,)=a

Table 12.1.
Percentage deviations of the statistics limiting distribution z,
P(z>z,)=«c
a 0.01 0.02 0.03 0.04 0.05
z, 0.74 0.62 0.55 0.50 0.46

12.2 Neumann-Pirsona criterion

Let us consider the two-alternative hypothesis{HoiHl}. Let S— is the sample
space X = (X1, X2,---Xn ) The test of the formulated hypothesis is reduced to the sam-
ple space S partition to two areas GoandG1. If the concrete sample X =X, Xz 00X )

gets to the area Go, the hypothesis Hojs accepted, and otherwise, the hypothesis H,

Is accepted. When making the decision, the following errors are possible: the error of
first kind, when the hypothesis Ho is true, but is rejected, and the error of second kind,

when the hypothesis Hois not true, but is accepted.



Fig. 12.1 Illustration of probabilities of errors of first and second kind

The problem of testing the two-alternative hypothesis is actual in the radar-location
at detecting of air targets when the hypothesis Ho_ the target is present, and the hy-
pothesis Hi_ the target is absent. In this case the error of first kind is called the error
of false clear (target drop out), and the error of second kind — the false alarm error.

Let @ and £ — are probabilities of errors of first and second kind, respectively, and
F(XTHo) T(X/THi) _arethe sample probability density, provided the condition

of the validity of hypotheses HoandHu, respectively. Then these probabilities are de-

termined by formulas

a=P(XeGy/Hy)=[f(X/Hg)dX
G

B=P(XeGy/H;)=[f(X/H)dX
Gy



The quantity ¥ =1— Bis called the strength of criterion, corresponding to partition of

Gy Gy, 1t represents the probability to reject the false hypothesis and is determined by

the formula

y=1-B=P(X G/ Hy)= [ f(X/H)dX
G,

The illustration of probabilities of errors of first and second kind and the strength of

criterion is presented in Fig. 12.1.

When testing the two-alternative hypothesis by the significance criterion, we specify

the small error probability of first kind (the significance value « , see section 5.2), and

we do not control the error probability of second kind B . At the same time, both errors
of first and second kind are undesirable. Neumann and Pirson have offered the ap-

proach to hypothesis testing, according to which the certain small error probability of
the first kind is specified, and the error probability of second kind Z is minimized (the

strength of criterion ¥ =1—/ is maximized). At such approach, the following opti-

mizing problem is solved:

[ f(X/Hgy)dX =a =const
G

y= [ £(X/H;)dX — max
G,

The criterion of hypothesis testing obtained as the result of this problem solving, is

called (and is) the most powerful in comparison with other criteria.

In Neumann-Pirson lemma it is proved, that the optimum area Giis the area, for

which
{X:f(X/TH)zKkfF(X/Hg)} (12.3)
Criterion (5.14) we can write down in the form of the significance criterion
PA(X)2k/Hg)=a, (12.4)

where the statistics (X )is determined by the expression



(X /Hy)

1(X)= f(X/Hgy)

and is called the likelihood ratio. Criterion (5.15) is called the Neumann-Pirson crite-
rion for testing the two-alternative simple hypothesis. For hypothesis test it is necessary
to obtain statistics distribution (X)) provided the condition of the validity of hypoth-
esis Hoand to find the significance limit K for this statistics by the Table of percentage
deviations of statistics distribution 1(X) at the significance level « . If the empirical

value 1> (X)of the statistics satisfies the inequality L,(X) 2K then hypothesis Hois
rejected.

Instead of the likelihood ratio it is possible to use the logarithmic likelihood ratio,
since if PU(X )=k / Ho)=a then PUINI(X)=k'/Ho)=a \where k'—is a certain
new threshold.

Example 5.1. We will test the hypothesis 1Ho *@=20; Hiia=2a; }apout the

2
mathematical expectationa of the normal general population N(a,6)at the known

. . 2 . . . .
dispersion o by the Neumann-Pirson criterion, where 20,31 — are certain numbers.

We will use the logarithmic relation of credibility. Since

1 _(x-a)
fr(x,a,0°)= e 20°
270
(see example 2.3 of section 2.2), then
n
F(X I Hg) = eXp(—%Z(x-ao)zj

(276%)" 207 i=1

|n|(X)——ii(x —a )2 +Li(x —a )2 _841—8 ix _n(a12 _ag)_
206214 I ! 2624 I ° o? 'ﬁ_l 252

2 .2
:n(al_ao))—(_n(al —ag )

o’ 2072




wherex= (D x)/n.
i=1

Since the statistics Xunder the condition of validity of hypothesis Hohas normal dis-

62

N(ap,,—
tribution > (see section (3.4)), then to determine the significance limit K it

Is required to use the Tables of this distribution. Since the Tables are usually made for

X—a
U= 0 /n

distribution N(Ol), it is expedient to pass to the statistics o having dis-

tribution N(01) , and to use the criterion
P(X>h)=«,

where

o)
h=a, +—u

\/ﬁ a

Us _is the 100 percent deviation of distribution (N(O1)).

If the empirical value of statistics X satisfies to the inequality X >h, then hypothesis

Hois rejected.



Lecture 13

13.1 Hypothesis test about the mathematical expectation at the known dispersion

2
There is the sample Xt» X2:---+Xn from the normal distribution N(& %) and the dis-
persion o? is known, and it is required to test the hypothesis about the mathematical

expectation Ho *@=280 where 8 — is a known number.

For the hypothesis testing the statistics is used

)_(_
u=2"2/n

o)

If Ho is true, that is =20, then U € N©OD  For testing the hypothesis of the kind

{Ho:a=2a5; Hiia#a0} the bilateral significance test is used P(U>Uq/2) =@

(Fig. 13.1),

0.4 T !
Fe) g

035 f------

Fig. 13.1 Critical areas for bilateral significance criterion



for the hypotheses 1Ho *@=8o; Hy:a>a0} _the right-sided criterion P(U>U,) =«

(Fig. 13.2),

04 : .

Fgl)
L S E—
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Fig. 12.2 Critical area for right-sided significance criterion

for the hypotheses 1Ho:@=2ap; Hi:a<ag} _  the left-sided criterion

P(u<u,,)=a (Fig. 13.3).
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Fig. 13.3 Critical area for left-sided significance criterion

1002

Here Ua/2, Ug Uiq — 2 - 100 -, 100(1-a)_ gre percentage distribution devi-
ations N(0.1) , respectively (Table 13.1).

There are table satisfying to equality P(U>Us )=
Table 13.1

Percentage deviations of normal distribution N(0.1) :
« |0,0010 |0,006 0,010 |0,015 0,020 0,030 0,040 |0,050
3,0902 |2,5758 |2,3264 |2,1701 |2,0938 |1,8808 |1,7507 |1,6449




13.2 Hypothesis test about the mathematical expectation at the unknown disper-
sion
2
There is the sample X1»X2.--Xn from the normal distribution N(&:7°) and the
dispersion o is unknown, and it is required to test the hypothesis about the mathe-

matical expectation Hoa=2ag where @ — is the known number.

For the hypothesis test the statistics is used

t:Xja /—n_lzx—a\/ﬁ

S S

If Ho is true, then t€T1(N=1) For testing the hypothesis THo :@=2ao; Hi:a#ag}
the bilateral significance test is applied P(tht,2)=a (Fig. 13.1), for the hypotheses
{Ho:a=a; Hi:a>ag} _ the right-sided criterion P(t>1,) =@ (Fig. 13.2), for the
hypotheses 1Ho :@=2ao; Hi:a<ag} _ the left-sided criterion P(t <l-,)=a (Fig.

1004

13.3). Here tas2, ta, g =7 2 - 100a - and 100(1— ). are percentage distribu-
tion deviations T1(N—1), respectively. In Fig. 13.1, 13.2, 13.3 instead of the statistics

9 it is required to consider the statistics t.

13.3 Hypothesis test about the dispersion at the known mathematical expectation

2
The sample X1:X2:-:%n is taken from distribution N(&:°) | mathematical expec-

tation a is known, and it is required to test the hypothesis about dispersion

.2 2 2 .
Ho 0" =00 where 90 — is the known number.

For hypothesis testing the statistics is used



. 2 2. . 2 2
If Ho istrue V€ Hi(") For testing the hypothesis {Ho :0° =0q: Hy 10 # 00} the

bilateral significance test is used, which due to asymmetry of the distribution H,(n)

looks like
(04
P ==
(V > Va/Z) 2 ’
P(V<Vi_gy2)= %-
VO!
The criterion critical region is denoted by dash lines in Fig. 13.4. The quantities 2,
Ve 1004 1002-% o oy
2 - 2 - and 2 - are percentage distribution deviations 1(n),

.2 2 . 2 2
For testing the hypothesis {Ho:0" =0qg; Hi:0" >00} the right-sided criterion
.2 2 . 2 2
is used P(V>Vo) =& for the hypotheses {Ho 0" =0q: Hi:10” <00} _ the left-

sided criterion P(V<Vi,)=a

0.16 . ! ! !
Sy (%) : ! !
TR S SO A WS A S -
AR S S S — S S S —— a
R o T R ——
= S .

00 |-

17 S

0.02 p------- & -1
5

0 ' i
0V 4 5 10 y 158 ¥ 20
2

| R

Fig. 13.4 The critical region for the hypothesis about the normal general population

dispersion



13.4 Hypothesis test about dispersionat the unknown mathematical expectation

2
The sample X1»X2:--%n is taken from the distribution N(&:°) ' mathematical ex-

pectation a is unknown, and it is required to test the hypothesis about the dispersion

.22 2 .
Hoio =00, where 90 — is the known number.

For hypothesis test the statistics is used

ns? (n-1)s*

o? o?

W=

. 2 2.
If Ho is true, thenWeH1(N=1)  For testing hypothesis {Ho:0" =0q;

.2 2 . . g . .
Hi:0" #00} the bilateral significance test is used, which due to asymmetry of the

distribution H1(N—=1) 100ks like

Pw>w,,,)=al2,
P(W<W(2_a)/2) :a/Z

The illustration of the given criterion is the same, as in Fig. 13.4, with replacement of

5 W 1004 1002=% _
V by w. The quantities Wea/2, "(2-a)/2 — 2 - and 2 - are percentage dis-

tribution deviations Hi(n—=1),
. 2 2 . 2 2
For testing the hypothesis{Ho 0% =0 Hi10" >00} the right-sided criterion is
. 2 2 . 2 2
used PW>W,)=a for the hypotheses {Ho 0" =0q: Hi10" <ag} _ the left-

sided criterion P(W<w,_, )=«



13.5 Hypothesis test about mathematical expectation equality

There are two samples of different volumes X1:--»Xm and Y1:--»¥n from two nor-

mal general population N (&, o?) and N (32'0'2) respectively, on the assumption
that dispersions of general populations are equal to one another, but are unknown. It is
required to test the hypothesis that mathematical expectations of these distributions are
equal, that is, to test the two-alternative parametrical complex hypothesis

{Ho:a; =a,; Hytag #ap ),

To solve this problem, we consider t-Student’s criterion, which is based on the

m
)_( = i Z Xi
comparison of sample mean. Let Mi-z1  —is the sample mean of the first general
_ 12
. y=-— Z Yi . . .
population, Nis1  — js the sample mean of the second general population. As is
known,
2 2
xeN(a,~—) yeN(a,, )
m- n’.
Then
2 2
n

If the hypothesis under test Ho is true, that is @ = 32, then

o®(m+ n))
mn

z e N(0,

and

2 _(x-y)\/ﬁe
"= B2 odmen O




Since o in the given expression is unknown, statistics U is inapplicable for the hy-
pothesis testing, and we will continue searching the appropriate statistics. We know
that

=2

=2
ms ns
Vy =——C e Hy(m-1) vy =—-eH;(n-1)
o) , o ,
Then statistics
msy; +ns;
V=V, +Vy =—————eH(m+n-2)
(o2 .

Let's note, that vV does not depend on U, since Vx and Vy are independent from u.

Then statistics

t:%\/m+n—2€Tl(m+n—2)
V .

Substituting here the expressions for U and v, We obtain

(X—y)Jymn(m+n-2)
= T,(m+n-2)
Jm+n/ms? +nsg o | (13.1).

Statistics t does not contain unknown parameters and its distribution law is known.

t

Hence, it is suitable for testing the formulated hypothesis. The hypothesis is tested in

the following way. Having set by the significance equation « , by the Table of percent-

age distribution deviations Ti(M+Nn—=2) we find the quantity te/2, satisfying to equal-

ity P(t>ta2) =& Then we find the empirical value of statistics > by formula

HO
(13.2). If it will appear, that ‘ta‘ > 1y 2, then the hypothesis IS rejected to the favor

Hl
of the hypothesis
For alternatives H1 81 >8; and H1 @& <@z | the right-sided and left-sided sig-

nificance criteria, respectively, are used.



13.6 Hypothesis test about the dispersions equality

There are two samples of different volumes X1:--»Xm and Y1:--»¥n from two nor-

2 2
mal general populations N(a;,o7) and, N(az’gz), respectively, under conditions,
when all parameters are unknown. It is required to test the hypothesis that dispersions

of these distributions are equal, that is to check up the two-alternative parametrical

hypothesis {Ho:H1} where

.22
Hy:op =03,

For testing this hypothesis, the statistics is used (the big dispersion choose as nu-

merator)
2
F:S—éi
Sy
52, §2 , S
where °x' “y —are unbiased sample dispersions
S (X
=— > (X; —x)
- 1%
=——2. (¥ -
_1§ '

It is easy to show, that if Ho is true, then T € Fi(M—=1n—=1) Really, since

m—-1)s _(n ~1)s;
:% Hi(m-1) w=—YeH,;(n-1)
O-l ] 02 1
and o2 =¢?2, then
2
F=Y ¥ S pm-1n-1)
m-1 n-1 ¢?
— — Sy

Variable F satisfies to F-distribution with (n;—1, n,—1) freedom degrees. The crit-

ical area gets out as follows. For a significance value under the « F-distribution table

it is defined critical value = #/2™m~1"2=1 |f F calculated on sample, more than this



y F . . .
critical value = ¢/ZMm~1"~Lhynothesis Ho should be rejected.



Lecture 14

14.1 Two-dimensional random variables. The two-dimensional distribution law
Two-dimensional random variable (X, Y) or system of two random variables —
set of two one-dimensional random variables which accept values as a result of carry-
ing out of the same experience.
Two-dimensional random variables are characterised by sets of possible values
Qyx, Qy the a component and the joint (two-dimensional) law of distribution. Depend-
ing on the kind of set Qx and Qy, two-dimensional random variables can be discrete,
continuous and mixed.

The two-dimensional distribution law of probabilities — function (rule, ta-
ble, etc.) allowing to calculate probabilities of any random events connected by a two-
dimensional random variable (X, Y):

pla< X < fB;06<Y <yp), Vo, 3,0,7.

14.1.1 Two-dimensional cumulative distribution function

Two-dimensional cumulative distribution function of a two-dimensional ran-
dom variable (X, Y) is equal to probability of jointevents X <xY <Yy

F(x,y) = p(X<xY <y). (14.1)

Properties of two-dimensional cumulative distribution function:

1.0<F(x,y)<1.

2.F(-0,y)=F(X,-0)=F (-0, -0 ) =0, F (400 ,+00) = 1.

3. F (X1, ¥Y) <F (X2, ¥), if X2> x1; F (X, Y1) < F (X, Y2), if y2>y1.

4. Transition to one-dimensional characteristics:

F(X,0)=p(X <XY <o) =p(X <x)=F(X); (14.2)

F(oo,y)=p(X <0, Y <y)=p(Y <y)=F(y). (14.3)
5. Probability of hit in rectangular area

P(a<X<B;0<Y<y)=F(B,7y)-F(a,y)-F(B,0)+F(«,9) .
Cumulative distribution function the most universal —form of the law of distribution
also can be used for the description both continuous, and discrete two-dimensional ran-
dom variables.

14.1.3 Two-dimensional probability density function
The two-dimensional random variable (X, Y) is continuous if its cumulative dis-
tribution function F (x,) represents continuous, differentiable function on each of argu-
O F(x,y)
Oxoy '

ments also there is a second mixed derivative



The two-dimensional probability density function (distribution density) f(x,y)
characterises the probability density in a vicinity of a point with co-ordinates (x,y) and
Is equal to the second mixed derivative distribution function:

2
F(xy) = lim PEXS X <x+AGA{y <Y <y+ Ay} OF(xY)
Ax—0 AXAy é)xé)y

Ay—0
The probability to get of value of a two-dimensional random variable (X, Y) in
any area D is equal to the sum of all elements of probability for this area:

(14.4)

p{(X,Y) e D}=[[ f (x, y)dxdy (145)
(D)
Properties of two-dimensional density:
1. f(x,y) =0
2. A normalizing condition:
| ] fxyydxdy =1 (14.6)

Geometrically — the volume of a body limited to a surface of distribution and a plane
xQy, is equal to unit.
3. Transition to distribution function:

Xy
FOGY) = [ [ F(x,yydxdy (14.7)

—00—00

4. Transition to one-dimensional characteristics:

[e'e)

f, 0= [ f(x, y)dy; (14.8)

—00

o0

f,(y)= [ f(x y)dx. (14.9)

—00

14.2 Dependent and independent random variables
Random variable X is independent from random variable Y if its distribution
law does not depend on what value has accepted random variable Y. Dlja's sizes of
independent sizes is carried out following equalites, i.e. criteria of independence:
DFXY =pX<x,Y<y)=pX<x)p(Y<y =Fx(X)Fy(y)xv,y; (14.10)
2) f(x,y)=f, (x)f, (y)xv,y; (13.11)
In the event that criteria are not carried out at least in one point, random variables
X and Y are dependent. For independent random variables two-dimensional forms of
the distribution law do not contain any additional information, except that which con-
tains in two one-dimensional laws. Thus, in case of dependence of random variables X



and Y, transition from two one-dimensional laws to the two-dimensional law it is im-
possible. For this purpose it is necessary to know conditional distribution laws.

14.3 Conditional distribution laws

As the conditional distribution law is called the distribution of one random
variable found provided that other random variable has accepted certain value.
Conditional probability density function for continuous components X and Y are
defined under formulas:
f (xty) =T (x, y)/fy (y), for fy (y)= 0; (14.12)
f(y/x) =1 (x, y)fx (X), for fx (x)= 0. (14.13)
Conditional laws of distribution possess all properties of one-dimensional forms of
laws of distribution corresponding to them.
If sizes X'and Y are independent, conditional laws of distribution are equal to corre-
sponding unconditional:
f (xly) = fx (X); (14.14)
f(y/x) =1y (y). (14.15)
It is necessary to distinguish functional and statistical dependences between ran-
dom variables. If X and Y random variables, which are connected among themselves
by functional dependence at Y = (¢), that, knowing value X; it is possible to calculate
precisely corresponding value Y, and on the contrary.
If between random variables there is a statistical dependence (random variables
X and Y are dependent - see (13.10 — 13.11)) on value of one of them it is possible to
establish only conditional distribution of probabilities another, i.e. to define, with what
probability there will be this or that value of other random variable.
Example. Y - a grain yield, X - quantity of fertilizers on some ground. It is obvi-
ous that between X and Y there is a statistical dependence as value Y (productivity on a
site) depends and on many other factors.



Lecture 15

15.1 Numerical characteristics of two-dimensional random variable

Let's consider the basic numerical characteristics of a two-dimensional random
variable (X, Y).

15.1.1 Mixed ordinary moments
The mixed ordinary moment order k+s it is equal to a mathematical expectation
of product and X Y *:

o o0

@ (%, Y) = MIXY°]= [ [ Xy f (x, y)xdy, (15.1)
The most often used initial moments - mathematical expectation random variables X
and Y:
My =a,,(X, YY), M, =cq,(X,Y); (15.2)

15.1.2 Mixed central moments
The mixed central moment order k+s it is equal to a mathematical expectation

() O
of product of the centered random variables X Y s

0 00

L (X Y) =M[(X =my )< (Y —m, )°] = I j(x—mx)k(y—mY)s~ f(x,y)dxdy, (15.3)

f(x,y) - two-dimensional probability density function of a continuous random
variable (X, Y).
Let's consider the most often used central moments - - dispersion random variables X
and Y:

Dy = 14,(X, Y) =, 0 (X, Y) — m>2< y Dy = 4y, (X Y) =, (X, Y) — m$ .(15.4)
Special role as the characteristic of system of random variables, plays the second
mixed central moment of an order 1+1 which g, (x,y)is called as the correlation mo-
ment or covariation random variables X, Y.

15.1.3 Correlation moment
The correlation moment Kxy characterises degree of closeness of linear depend-
ence of random variables X and Y and dispersion of their values around a point (my,
my):
Ky = t4:,(X,y) = (X, y) —mym, | (15.5)
Properties covariation Kyy:
1. ny = ny.
2. The correlation moment of two independent random variables X and Y is equal
to zero.
3. The absolute size of the correlation moment of two random variables does not
exceed a geometrical average of their dispersions



K,|<|D, D, OrK|<a, -0, (15.6)

If K, <0, between random variables X and Y there is a negative covariation, i.e.

than it is bigger value of one random variable, are more probable smaller values of
another random variable (see statistical dependence in lecture. 13). An example. X —
number of missed classes of the student, Y —an examination mark.

If K, >0, between sizes X and Y there is a positive covariation, i.e. than it is

bigger value of one random variable, are more probable bigger values of another ran-
dom variable. An example. X and Y - growth and weight of at random taken student.

If K., =0, random variables X and Y are not correlated, i.e. between them there
Is no linear dependence.
If K, #0, random variables X and Y are called as correlated.

15.1.4 Correlation coefficient

Correlation coefficient R,, characterises degree of linear dependence of sizes
and it is equal:
Ky _ Ky
D,D, ooy’

Properties of correlation coefficient:
1. The absolute size of correlation coefficient of two random variables does not

exceed unit: | R,y | <1.

Ry = (15.7)

2. |va | =1, if random variables X, Y are connected by linear functional depend-
ence Y=aX+b.

The more absolute size of factor of correlation, the more close statistical depend-
ence random variables X, Y to linear functional dependence.

3. If random variables X and Y are independent then R,, =0

15.2 Conditional numerical characteristics

For dependent two-dimensional random variables conditional laws of distribu-
tion (see (14.13, 14.14)) can be defined. These laws of distribution possess all proper-
ties of unconditional laws, and on their basis under known formulas (after replacement
in them of unconditional laws on conditional) numerical characteristics which are
called as conditional can be calculated. Conditional mathematical expectation have the
greatest practical value.

15.2.1 Regression



As conditional mathematical expectation of random variable X'is called its math-
ematical expectation calculated when (to the condition) that random variable Y has ac-
cepted certain value Y =y:

MIX /yl=m,,, = [ x- f(x/y)dx, (15.8)
Similarly and for h
MILY /x]1=m,, = [ y- f(y/x)dx, (15.9)

The conditional mathematical expectation My, is called as X on 'y, and a con-

ditional mathematical expectation m, ,, — regression Y on x. It is obvious that condi-
tional mathematical expectation s represent some functions which depend on the value
taken in a condition, i.e. My ,, =y (y),andm,,, = @(X).

Schedules of these dependences are called as regression lines (drawing see).

U
’\/ }
m 2

‘/\ 3

The regression line 1 specifies that between random variables X, Y there is a pos-
itive covariation, i.e. K,, >0. The regression line 2 specifies that random variables
X, Y are not dependent, and the regression line 3 - that between random variables X, Y
exists negative covariation, i.e. K,, <0.

The regression analysis allows to reveal character of dependence between random

variables X, Y. Random variables X, Y are called as linearly correlated if regression
lines are straight lines. The equations of linear regression look like:

X

O, O
my, =My +Ryy —(X— my ), My ,y =My + Ryy —(y - m, ) , (15.10)
GX GY
Both straight lines pass through a point (mx, my) which name the centre of joint
distribution of sizes Xand Y.



Lecture 16

16.1. Statistical processing of two-dimensional random variables

Let the two-dimensional random variable is spent n independent experiments, in
each of which (X, Y) assumes certain values and results of experiments represent two-
dimensional sample:

{(x1, 1), (%2, y2), ..., (xn, yn)}-

Statistical processing of two-dimensional data includes:

- processing and the analysis of components X and Y as one-dimensional varia-
bles (lectures 1-3),

- calculation of estimations and the analysis of the parameters inherent only in
two-dimensional (multidimensional) random variables.

As a rule, following estimations of numerical characteristics of a two-dimen-
sional random variable (X, Y) are defined:

— Estimations of mathematical expectations:

m;, =7=—ZX., (16.1)
=y= Zy., (16.2)
— Dlspersmn estimations
1 g , 1 n
S2(X)= — X —X) =——) ¥ ———X%";
()= — 1;( ) =— 125 T (16.3)
1 n
Se(y)=—=-2.(¥i- Zy. ——y (16.4)
n-1 143 i1

— Standard deviation estimations:

Sy (X) =S¢ (%) (16.5)
Sy (Y) =/Sc(Y). (16.6)



16.1.1. An estimation of the correlation moment

The consistent unbiased estimation of the correlation moment is equal
K 1
=——> (X% ~X)(Y - (16.7)
-1 o

Where Xj, yj — values random variables X, Y in i-m experiment;

X,y — Average values of random variables X and Y, respectively.

16.1.2. The correlation coefficient estimate

The consistent estimate of the correlation coefficient is equal to

n

K* Z(Xi _Y)(yi o 7)
R, = - _ & , (16.8)

XY So(x)-S,(y) \/i(x.—i)zi(y -

i=1 i=1

where Sg(x),Sg(y)— are standard deviation estimates of random variables X and Y,

respectively.

16.1.3. The confidence interval for correlation coefficient

The confidence interval for correlation coefficient with reliability y for the case

of two-dimensional normal distribution looks like:

eza—l_EZb—l
Iy(RXY):(e2a+1’e2b+1]’ (16.9)
* Z N Z
where@=0,5-In LrRo | % poosn| 28R |y 2
S n-3’' — Rxy n-3'

z, — is the argument value of Laplace function, z, =arg <D(g), ie. @ (zy) :g.

If the sample size is large enough (n> 20), then the distribution law of the
correlation coefficient estimate R;Y can be considered asymptotically normal, and

confidence interval can be constructed by equation:



x 1_(RXY*)2 « 1—(va*)2

16.2. Statistical criteria of two-dimensional random variables

16.2.1. A hypothesis about absence of correlation dependence

It is supposed that the two-dimensional random variable (X, Y) is distributed un-
der the normal law. If the module of a dot estimation of factor of the correlation, cal-

culated on initial two-dimensional sample of a random variable (X, Y), is not great (

*
RXY

<0,1...0,2) the hypothesis about absence of correlation dependence between var-

lables X and Y can be checked up following in the image.

1. The hypothesis is formulated:
Ho: Ry, =0;
Hi: Ry, #0.
Here — Ry, theoretical factor of correlation.
2. The estimation of factor of correlation R}, by equation (14.8) is calculated R, .

3. If the sample volume is not great (n <20) items 4 ... 6 are carried out, differently
—1items 7 ... 9 are carried out

4. VValue of criterion is defined

t=

Ry VN —2
2

(16.11)

Which is distributed under the law of Student with (n—2) freedom degrees if hypothesis

H, is true.

5. On the set significance value the aconfidential probability is calculated and

y=1—a critical value gets out of the table of Student distribution t, , > .



6. If[t| > [t, .|, hypothesis H, deviates, and consequently, variables X, Y are

correlated. Otherwise hypothesis H, is accepted.

7. Value of criterion is defined

R, <N
Z = L‘/—Z (16.12)
1—- (R} )
Which is distributed practically under the normal law if hypothesis H, is true.
8. On the set significance value from thea Aable of function of Laplace critical

1- 1-
value is defined Z, = arg CD[TQJ i.e®(Z,)= Ta.

Q. If|Z| > |Za| , hypothesis H, deviates, and consequently, variables X, Y are cor-

related. Otherwise hypothesis H, is accepted.

16.3. A hypothesis about equality of distribution laws

Let{X, X5, ey X 3, {V0s Yoo s Yo} — independent random samples of random varia-

bles X and Y.

The two-alternative hypothesis is formulated:
Ho: F,(x)=F, () i.e. two samples belong to the same general population;
Hi:F,(X) =R (y).

Concerning the distribution laws of random variables X and Y no assumptions

made.

For check of the given hypothesis the criterion Wilcoxon (Mann-Witny) of is
used. Values {X;, X,, s X, } {V1, ¥5.---» ¥, } of both samples are ranked together in in-
creasing order. The criterion is based on the statistics

U=235;

EVETN (16.13)

where



5 1L X <Yy,
' 0, else.

This statistics U represents the total number of inversions, when the sample units

Xg»--Xn  precede to the sample units Y1:---*¥m in the general variational series. The
pair of values (x; y;) forms inversion, if y; <x;i.

Let, for example, for n =4 and m = 5 such sequence has turned out: ys X3 X4 Y1 Y2
X2 Y4 Y3 X1. In our example x3 and x4 form on one inversion (with ys), x, forms three

inversions (with ys y;1 y2), and x; forms five inversions (with all).

It is proved that if Ho is true, then

E(U)—m D(U)_mn(m+n+1)
2, - 12 . (16.14)

As a criterion, the variable U— the complete number of inversions - is used. The

given variable is distributed under Wilcoxon law and hypothesis Hy is rejected, if U is

larger, than the critical value U taken from the Wilcoxon table for the specified sig-

nificance level « .

For large sample sizes (n and m exceed 25), the critical value U is determined

by equation

U, :Za\/nm(n;2m+1) | (16.15)

. ) l-o
where Z_— is the argument value of Laplace functionZ, =arg (D(T)



Lecture 17

17.1. The regression characteristics estimate

In the regression analysis, the interrelation between random and not random var-
lables based on experimental data is studied. Unlike the correlation analysis, in the
regression analysis not all studied interrelated variables are random, and the conditions
imposed on the studied variables, are less burdensome. Therefore, it is considered that
problems regression analysis are more often in practice in comparison with problems

of the correlation analysis.

Let n independent experiments are performed , in each of which two-dimensional ran-
dom variable (X, Y) assumes certain values, and experimental results represent two-

dimensional sample of the kind {(x;, ,),(x5, ¥5),-.., (X, ¥,)}. Itis necessary to reveal
the kind of relationship between variables X, Y based on the available sample, i.e. to
obtain the estimate of the conditional mathematical expectation my,, — regression
estimate Y for x. The given estimate represents a certain function:

My, = Y(X) = o(X,8,,8,,...,a,),
where a,,4,,..,a, - are unknown parameters.

Thus, first, it is necessary to establish the dependence type of ¢(x,a,,8,,...,a,)
, 1.e. whether it is linear, quadratic, exponential and etc., second, to determine the values
of unknown parametersa,, a,,...,a,,. To determine the dependence type, the scatter dia-

gram (or correlation field) is constructed, which can be obtained if to represent exper-
imental results in the form of points on the plane in the Cartesian coordinates system

(see Figure). Based on the analysis of the correlation field, we choose the type of the
empirical regression line Y(X) =@(X,8,,a,,...,8,), which should pass through

points (x1, Y1)..., (Xn, Yn) SO, that its graph would correspond to the unknown regression
line in the best way, i.e. its values should be approximately equal to Y arithmetic mean

values for each value of X=x.



0 >

In many cases, the dependence type can be chosen based on theoretical or other
reasons.

To determine the parameter values, at which the best matching of the curve

Yy =@(X,a,y,a,,...,a,) and experimental points {(x1, y1), (x2, 2), ..., (xn, yn)} is pro-

vided, the least squares method is used.

17.1.1. The least squares method

The essence of the given method is that parameters valuesa,,a,,...,a, should be

chosen so, that the sum of squares of the experimental points deviations from the fitting

curve turned to the minimum:
0 2 .
D [yi—o(x a,...8,)] =min (17.1)
i=1

Let's find the values @;, j =1,...,m turning the left part of expression (15.1) into

minimum. For this purpose, we differentiate it with respect to a;, j=1,...,m and

equate the derivatives to zero (at the point of extremum the derivative is equal to zero):

S - o2 a)] 2 =0 j=01..m  a72)

i=1 6aj



where a(g—;x‘) — is the value of the private derivative function ¢ with respect to param-
i

eter @; at point x;.
The system of the equations (17.2) contains the same number of equations, as

the number of unknown parameters, i.e. m+1.
It is impossible to solve system (17.2) in a general form, for this purpose, it is

necessary to set a particular kind of functione.

Let y represent the power series:
y=p(X a,...,a,)=> a;x". (17.3)
j=0
Then (17.2) will become the linear equations system (LES):

Zm:aj (xi)j+k =Zn:yi(xi)k,k=0,1,...,m (17.4)

j=0 i i=1

=}

We divide both parts of equations by the sample size n, the system will become
Yo, (%)=, (%, ¥;),k=0,1...m (17.5)
j=0

where «, (x)— is the ordinary moment estimate of k-order of variable X:

o () =23 (%)"

n

. (X, y) — is the estimate of the mixed ordinary moment of k+1-order of varia-

bles X and Y:

* l n
a (X, y)==" ink Yi-
n 54
In system (17.5), @;, j =1,...,m are variables, and the estimates of ordinary mo-
ments «, ,(X, y) are system of linear equations factors. Having solved the given system,
we determine the estimates of the parameters a,,4, ..., &, , providing the best matching

of the curve Y = @(X,a,,a,,...,a,) and experimental points {(x1, 1), (x2, ¥2), ... (xn,
yn)}-



Example. We determine the linear regression estimate m,,, = a, + aX. Sys-

tem (16.5) for m=1 looks like

{a;; (X)a, +o; (X)a, =g, (X, )
o (X)a, +a;(X)a, = o, (%, y)

Taking into account that a, (X) =1, &, (X) =X, agyl(x, y) =V, we obtain:

{ao +Xa, =y
Xa, +a,(X)a, =y, (X, y)’
Whence
o al,l(*X, Y)-X-V _ Kxy ’ (17.6)
as(X) — %2 S02 (x)
%=y~ X, (7.7)

what corresponds to linear regression equations (15.10).



